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ABSTRACT

It is obvious that the inverse function theorem holds in the Banach space for R. In my paper on the
generalized inverse function theorem, it was observed that the inverse function theorem also holds for
R”". However, in this paper, I attempted to establish that it holds in the unitary space and consequently
can be extended to C”; the generalized unitary space.
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THE INVERSE FUNCTION THEOREM
INR

A function F could fail to be one to one but may
be so on a subset S of D, and by this we mean
that F(X 1) and F(X 2) are distinct, whenever
X, and X, are distinct points of S. Hence, F
is not invertible but when Fj is defined on S by
F(X)=F(X),X€S, and left undefined for
X ¢ § then F, is invertible. We say that F, is the
restriction of F to S and that F,”' is the inverse of
F restricted to S . The domain of F,™' is F(S).If
F' is one to one on a neighborhood of X, we say
that £ is locally invertible on X, and if this true
for every X, in aset S, we say that F is locally

invertible on S.
Definition 1.1: [Riez [8]], [Williams[10]] A
function F: R" — R" is regular on an open set S

if F' is one to one and continuously differentiable
on S and JF(X)#0,if X € S.Also we may say

that F is regular on an arbitrary set S if F is
regular on an open set containing S .

Theorem 1.1: [Athanassius[1]], [Erwin[6]] Suppose
that F: R” — R” is regular on an open set S, and
let G=F,”" then F(S) isopen, G is continuously
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differentiable on F(S) and G'(U)=F’(X) ,
where U = F (X).

Moreover, since G is one to one on F(S), G is
regular on F (S).

Definition 1.2: If F is regular on an open set S, we
say that F;_l is a branch of F~'. Hence, it is possible
to better define a branch of F~' onaset T c R(F)

if and only if 7= F(S) where F is regular on S.

Note that any subset of R (F) that does not have this
property cannot have a branch of F~' defined on

them.

Theorem 1.2 (the inverse function theorem)
[Athanassius[1]], [Erwin[6]]: Let fF:R" — R”

be continuously differentiable on an open set
s and suppose that JF(X)#0 on S. Then, if
X, €S, there is an open neighborhood N of
X, on which F is regular. Moreover, F(N) is
open and G=F,”" is continuously differentiable
on F(N) with G'(U)=[F(x)]’
U=F(X),UeF(N)).

Corollary 1.3: If F is continuously differentiable
on a neighborhood of X, and JF (X,)#0, then

there is an open neighborhood N of X, on
which the conclusion of theorem 1.2 holds.

(where

THE INVERSE FUNCTION THEOREM
ON THE UNITARY SPACE

Here, we discuss the inverse function theorem
in a plane other than the reals and in precise the
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unitary space C". As preliminary in this section,
we introduce the following concepts.

Local invertibility

A complex function F is one to one only on a
subset S of Dr where D, is complex points.
This in general may fail but that the assertion

holds means that F(Z,) and F (Z,) are distinct,
whenever Z, and Z, are distinct points of S so
that F is not invertible except if F is defined on
S by F.(2)=F(Z),Z€S,

Then, F, is invertible. On the other hand, F, is the
restriction of F to S and F,” is the inverse of F

restricted to S and the domain of ' is F(S).If
is one to one on a neighborhood of Z,, we say that
F is locally invertible at Z,. If this is true for every
Z, maset §,then F islocally invertible on §'.

Regular invertible functions

Definition 2.2.1: A complex function ¥ : C" — C”
is regular on an open set S and let G = F;_l. Then,
F(S) isopen, G is continuously differentiable on
F(S) and G(U)= (F(z))f1 , where U =F(Z).
Moreover, since G is one to one on F (S), G is
regular on F(S).

Definition 2.2.2: We say that F" is a branch of
F~'if F is regular on an open set S. More so,
this definition implies that F.~' is a branch of F
onaset T c C(F) ifand only if 7 = F(S), where
F is regular on §. Note that any open subset of
C (F ) that does not have this property cannot be
said to have a branch defined on it.

Theorem 2.2 (the inverse function theorem): Let
F :C" — C” be continuously differentiable on an
open set S and suppose that JF(Z)#0 on S.
Then, if Z, € S, thenthereis an open neighborhood
N of Z, onwhich F isregular. More so, F (N) is
open and G=F,” is continuously differentiable
on F(N), with G'(N)=[F'(z)]
U=F(Z)), UeF(N).

Corollary 2.2.3: If F is continuously differentiable
on a neighborhood of Z, and JF(Z,)#0, then

(where
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there is an open neighborhood N of Z, on which
the conclusion of theorem 2.2 holds.

GENERALIZED INVERSE FUNCTION
THEOREM IN THE UNITARY SPACE

Generalized local invertibility

A set of complex functions F; are/is one to one

1

only on a subset S of D where Dy is complex
points. This in general may fail but that the

assertion holds mean that F,(z,) and F,(z,) are
distinct points of S so that Fi,S is not invertible
except F, is defined on § by F; (z,)=F(z),
z, €S and left undefined for 2z, €S and then £;
is invertible.

On the other hand, F,-s is restrictions of F; to S

and th_l is the inverses of Fs restricted to S
and the domain of F, ' is F(S). If Fs is one to
one z, neighborhoods, we say that F s is locally
invertible each at z,. If this is true for every %o in

aset §,then F s is locally invertible on .

Generalized regular invertible functions

Definition 3.2.1: Complex functions F, : C" — C”
are each regular on an open set S and 7/, (Zi) %0
if z; € S. We also say that F;" is each regular on an
arbitrary set S if F_i”{'}s is regular on an open
set containing S .

Theorem 3.2.1. Suppose that F:C"—C"
are regular on an open set § and if G, = F,-S_l,
then F (S) is open and G's is continuously
differentiable on F, (S) while G,(U)= ( F (Zi))-1’
where U, = F, (Z,-). Moreover, since G,»/S is one to
one on F,(S), G/s irregular on F; ()

Definition 3.2: We say that Ex_l is branches of

F~' if F; is regular on an open set S. More so,

this definition implies that s is branches of £
on a T, C R(F) if and only if T, = F,(S), where
F's is regular on S . Note that any open subsets

of R (E) that do not have this property cannot be
said to have branches defined on them.
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MAIN RESULTS

Theorem 3.2 [the generalized inverse function
theorem in the unitary space]

Let F:C"—C"
differentiable functions on an open set S . Suppose
that each J F, (zi) #0 on S. Then, if Z €S, there

are open neighborhoods N, of z, on which F s is

be a set of continuously

regular. More so, F;(N,) is each open with
=UtEw)
j=1
and

GZQ{GZ-}:LTJ{F;M}:FN_I

Continuously differentiable on U{F )} such
i=1
n n -1
mMGWkU@wm{UM@ﬂ-
i=1 i=1
where UUi = UF;'(Zi)9UUi € UF;(NJ
i=1 i=1 i=1 i=1
Proof: First, we show that if X, €S, then a

neighborhood of UF,(
i=1
implies that UF
i=1

Since S is open, there is a UP > Osuch that

i=1

). This

X,)is in UF,-(S
i=1

is open.

n

UBip, (X,)cS. Let UBi be the boundary of
' i=1

i=l1

U B > thus

B:UBI' :U{Xi}UXi _Xo :Upi =
i=1 i=1 i=1 in1

The functions

o= UO‘ UF X,)

are continuous on § and therefore on UB
i=1

(3.1)

which is compact. Hence, there is a point UX i

n n i=l1
in UBi where Uo-i (X i) attain its minimum

value say, Um on UB Moreover, Um >0

i=1
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since UZ #0 cach UF is one to one on .

i=l1

Therefore, | JF(Z,)-
i=1

UZi —Z,= U P;
i=1 i=1

The set
{UiUi - F; (Zo) = 0%}
i=1

is a neighborhood of UF,- (Zo)
i=1

ZOmi >0 if
i=1

(3.2)

We will show that it is a subset of UE (S) To

i=1
see this, let UU ; be a set of fixed points in this
set. Thus, -

.- (2)< U

Consider the function

Uo UU -F(z

(3.3)

which is continuous on S . Note that U 0, = U_
if

gz—%=gm
SMREQZ—%:QQJMn
UU -F(z
ngi(Xo)—E(Xi)—

Ul 203

that is, from Equations (3.2) and (3.3).

n
Since UG,- is continuous on S, UG,- attains a
i= i=1

minimum value 4 on the compact set B P (ZO) that

1s there are Z in B, (Zo) such that

Uq@yj}qZ%uﬁﬁﬁBA%) (3.4)
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Setting

L”JZi =27,
i=1

We conclude from Equation (3.3) that

o (2)=n<Us, () <U’s

Because of Equations (3.1) and (3.4), this rules out

the possibility that UZ € B, so UZ €B,(Z,).

i=l1
Now, we want to show that 4 = 0; that is

QUi ZQF;(Z)

To this end, we note that UO' i (Z
i=1
as

UG

,—) can be written

Z(U” £,(Z)

So UO‘i is differentiable on B, (Z,). Therefore,
i=1

the first partial derivatives of Uo_i are all zero at

i=1

the local minimum point UZ,- , SO
i=1

L of (2 . |
;%J)(UU _fi,j (Z)): Ofor1<i<n

or in matrix form

(r @ (v, (7))o
Since UF

,LJUF,!]E(ZI-)

Thus, we have shown that every UU that satisfies
(3.3)is in (JF(S)
i=1

1s non-singular, this implies that

is open.

Next, we show that JG, is continuous on

UF(s)
i=1

UF (2,
i=1

there exists 4 >0 and an open neighborhood

and Zois the unique point in S such that

=U,. Since UF, (Z,) is invertible,
i=1
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!}N of
OE(Zi)_F
i=1

Z, such that UN cS and
i=1

z,)2\ A1z, - z,if| Jz, €| N,
i=1 i=1 i=1

(3.5)

Since UF satisfies the hypothesis of the

i=1

present theorem on U i, the first part of
i=1

this proof shows that UE(Ni) 1S an open set
i=1

containing U, = UE (ZO)

i=1

a § > 0 such that L_JZi =UG1- (Ui) 1S in UNI.

. Therefore, there is

Settmg UZ UG i and

Zy= U G, (Uo) in Equation (3.5), yields

U (6.0)- (6 0)2" ’)

i=1 part G

ﬁUUeB U,)

Since U[ (
UGi (Ui)_Gi (UO)SO%Ui -U,

i=1

)] = OUi , this can be written
i=1

If

OQG%Wo
i=1

which means that U G, is continuous at U,. Since
i=1

(3.6)
U, is an arbitrary point in UF, (S), it follows
i=1

that UG‘ 1S continuous on UF S

i=1 i=1

now show that U G, is different at U, .
Since
z))]= UZJES

UL (7 (
The chain rule implies that if U G, is differentiable
at U, , then -

. We will

i=1
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U Gi’(Uo )F;,(Zo) =1

i=1
Therefore, if UG,» is differentiable at U, the
i=1

differentiable matrix of U G, must be
i=1

Ua/w,)=UE@or

So to show that UGI. is differentiable at U, , we
i=1
must show that if

U, ()

) G,(U;)
g-g@ (Uo)_O[Fi(ZO)]_l O(Ut _UO)

i=1 i=1

For
U #U,
,-LJ i 0 (3.7)
Then,
Jim U, v)=0 (3.8)

n
Since UF, is one to one on S and
i=1

L"JF,.’ (G.(U)= LnJU,., it follows that LnJU,- U,
i=1 i=1 i=1

then UGi (Ui)¢UGi (Uo)' Therefore, we can
i=1 i=1

multiply the numerator and denominator of

G,(U,)

Equation (3.7) by lele,. (v)- o obtain
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Ue.v)-6.,) )
= [F(2,)]
U|U,. _U0|

i=1

IL:JI‘GI‘ (Uz)_ Gi (Uo)

If 0<| J[U,-U,| < § - Because of Equation (3.6),
i=1

this implies

P LCA1N

U -0,)-F(2,)(6,(v))

i=1

U‘Hi(Ui)‘ < U _QGI'(UO)
U6 (v)-6,0,)

Now let

P F(X,)
UH,..(U,)—QI(Ui R (6. (0)-G, ()
o Ule.(v)-6,(u,)

To complete the proof of Equation (3.8), we

must show that lim A, (U,)=0. Since UF is
i”Y% i=1

differentiable at Z, we know that if

n

L=J1Hi,k (Zi) =gm—>z0 UHi,j (Ui)

@)
Y e z-2)

U|Z_Zo|
i=1

(3.9)
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Then,

limH,,(Z)=0

Z,—Z,

Since JF(G, (U,)={JU, and
in1 i=1

z,=JG (U,)
i=1

U, ) =U(H.. (6,(v)

i=1 i=1
n

Now, suppose for £ > 0,35, > OU‘HU{ (Z,.)‘ A
if i=l
o<z, - x,]=U|z. -G (U,) <8,

i=1 i=1

n
Since UGi is continuous at U, there is a

i=1
0, € (0,5) such that
Ul‘G,. U,)-¢6, (UO)\ <$,
if
0< LnJ|U,. -U,|<8,
i=1

This and Equation (3.11) imply that
LJHL,{ )= LJHL,{G,. (U)<e

It 0<LJ|U,. -U,|<$6,

n

Since this implies (3.9), UGi is differentiable at
X,. i=1

Since Uy is an arbitrary member of UE (N;,),
. i=l
we can now drop the zero subscript and conclude

that UG,- is continuous and differentiable on

i=1

l_gFi(Ni)’ and

U6 wn=ULF )] Jv, e Ur(y)

i=1

Hence,

&= 00)=[Utr )|

i=1
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Where
LJUi = L_JlE(Zi)’L_JlUi € L—JlE(Nl)

and hence the proof
Corollary 3.3: If UE is continuously
i=1

differentiable on a neighborhood of %,

and UJiFi (ZO):&O, then, there is an open
i=1

neighborhood UNi of z, on which the
i=1
conclusion of the main result holds.
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