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ABSTRACT

The useful Hahn—Banach theorem in functional analysis has significantly been in use for many years
ago. At this point in time, we discover that its domain and range of existence can be extended point
wisely so as to secure a wider range of extendibility. In achieving this, we initially reviewed the existing
traditional Hahn—Banach extension theorem, before we carefully and successfully used it to generate the
finite extension form as in main results of section three.
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INTRODUCTION AND RESULTS
Introduction

Let X be alinear vector space. A linear operator from X into the space R is called a real linear functional
on X . Similarly for X a normed linear space a bounded linear operator from X into R is called a
continuous linear functional on X .

Results

The Hahn—Banach theorem is basically defined for R and sometimes holds for a complex linear functional
on Xwhen X is a complex space while a complex linear functional on X is obtained when X is a
complex space and R is replaced by R.

Theorem 1.2.1 (Hahn—Banach Theorem):!"! Let X be a real vector space, M a subspace of X, and P
a real function defined on X satisfying the following conditions:

. P(x+y)<P(x)+p(»).
2. P(ax)=ap(x)Vx,y e X and positive real o .
Further, suppose that 1 is a linear functional on M such that f (x) <p (x) Vx € M . Then, there exists a

linear functional F defined on X for which F(x)— f(x) Vxe M and F(x)< p(x) Vxe X . In other
words, there exists an extension F of f* having the property of f.

Theorem 1.2.2 (Topological Hahn—Banach Theorem):? Let X be a normed space, M a subspace of
X, and f abounded linear functional on A/ .

1. F(x)zf(x) VxeM.
2. |F[=1r1-
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Eziokwu: Hahn Banach extension results with generalizations

In other words, there exists an extension F of f which is also bounded linear and preserves the norm.
The proof of Theorem 1.2.1 depends on the following lemma:

Lemma1.2.1:F'Let X beavectorspaceand M itspropersubspace. Forx, e X — M ,let N = {MU {xo}}
. Furthermore, suppose that f* is a linear functional on M and p a functional on X satisfying the
conditions in theorem 1.2.1 such that f(x)< p(x) Vxe M. Then, there exists a linear functional F
defined on N such that F(x)= f(x) Vxe M and F(x)< p(x) VxeN.

In short, this lemma tells us that Theorem 1.2.1 is valid for the subspace generated or spanned by M U {x0 }

Consequences of the Extension Form of the Hahn—Banach Theorem

The proofs of the following important results mainly depend on the proof of Lemma 1.2.1.

Theorem 1.2.3:*! Let w be a nonzero vector in a normed space X then there exists a continuous linear
functional F, defined on the entire space X such that || 7 |=1 and F(w) = wll.

Theorem 1.2.4:'% If X is a normed space such that F(w)=0 VF € X *, then w=0.

Theorem 1.2.5:! Let X be a normed space and M its closed subspace. Further assuming that
welX M(weX) but we M. Then, there exists F e X* such that F(m)=0 for all me M, and

F(w)=1.

Theorem 1.2.6:"" Let X be a normed space, M its subspace and w € X such that d =inf ||w—m|| >0. It
may be observed that this condition is satisfied if m is closed and we (X -M ) Then, there exists
FeX*with| Fl=1, F(w)#0,and F(m)=0 forall me M.

Theorem 1.2.7:®° If x * is separable, then X is itself separable.

PROOF OF HAHN-BANACH RESULTS
Proof of Lemma 1.2.1"°! due to Siddiqi

This will help us in developing the proof of theorem 1.2.1 of the Hahn—Banach Theorem. Since
f(x)< p(x) for xe M and f is linear, we have arbitrary y,, y, € M.

SOLy) =D))< PO, Y,)
or

SO < py + x5, ¥, — %)

< p(y+x)+ p(=y, —x)
by condition (1) of Theorem 1.2.1.
_p(_yz+x0)f(yz)<p(J’1+xo)f(y1) (2.1.1)

Suppose y, is kept fixed and y, is allowed to vary over M , then equation (2.1.1) implies that the set of
real numbers { (3 +x)-1(» )‘ y,eM } has upper bounds and hence the least upper bound. Let
a= sup{ Py +x)-1(», )‘ y,eM } If we keep y, fixed and y, is allowed to vary over M , equation
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(2.1.1) implies that the set of numbers { p( Yy +X, ) f ( » )‘ yeM } has lower bounds and hence the
greatest lower bound.

Let B =inf { pr(yv+x)f(n )‘ yeM } As it is well known that between any two real numbers, there is

an always a third real numbers. Let y be a real number such that

aly<p (2.1.2)
It may be observed that if @ = 8, then y =a = . Therefore, for y € M', we have

PEY=x)f <y < p(y+x)=F(») (2.1.3)
From the definition of N, it is clear that every element x in N can be written as

xX=y+A1x, (2.1.4)

Where x, € M or x, e XM, A is a uniquely determined real number and y a uniquely determined vector

in M . We now define a real-valued function on N as follows:

F(x)=F(y+ax,)=f(y)+Ay (2.1.5)

We shall now verify that!® the well-defined function satisfies the desired conditions, i.e.,
1. F is linear,

ii. F(x)=f(x) VxeM,

iii. F(x)=p(x) VxeN.

iv. F is linear: For

21,2, €N (z, = ), + A X0.2, = ¥, + 25X,
F(z,+z,)=F(y+Ax, +», +A,x))
:F((yl+y2)+(21+),2)x0)=f(y1+y2)+(ﬂ1+lz)y

=/ )+ /() + Ay +4y

as f is linear: Or

Fz+2,)=[f(n)+ A4y |+[ f(3:)+ 247 ]

Similarly, we can show that F (uz)=puF(z) Vze N and for real 4.

2. If xe M, then y must be zero in equation (2.1.4) and then equation (2.1.5) gives F (x)= f(x)
Here, we consider three cases.”’ (See equation 2.1.4)

Case 1, A =0: We have seen that F(x) = f(x) and as f(x) < p(x), we get that.
F(x) < p(x)
Case 2, 1 > 0: From equation (2.1.3), we have.

y<p(y+x)-f(») (2.1.6)
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Since N is a subspace, y/Ae N replacing y by y/ N in equation (2.1.6), we have

;/Sp(y//"t)erof—(f(%D

or

yﬁp(%(y+lx0)j—f(y/l)

By condition (2) of theorem 1.2.1

p(%(y+lxo)j=%p(y+lxo)

For 2>0 and f(y/l):%f(y) as f s linear. Therefore, Ay <p(y+2Ax,)—f(y) or
£ (»)+2p(y+Ax, ). Thus, from equations (2.1.4) and (2.1.5), we have F(x)< p(x) VxeN.

Case 3, 1 <0: From equation (2.1.3), we have.

Replacing y by y /A in equation (2.1.1), we have

RER O

or
_ 2_ <i+ (Zj: +l
p(l xoj— I\ )=y ;Lf(y)
As f is linear, i.e.,

—p(;—y—xoj£7+%f(y) (2.1.8)

Multiplying (2.1.8) by 4, we have

—/lp(_Ty—xojS/lerf(y)

(The inequality in equation (2.1.8) is reversed as A is negative),
(=2) p((—%j(y+lxo)J2F(x) 2.19)

Since —% > 0, by condition (2) of Theorem 1.2.1, we have

P((—%J(y+lxo)j=—%p(y+lxo) 2.1.10)
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Proof of Theorem 1.2.1.1>°! due to Siddiqi

Let S be the set of all linear functionals F such that F(x) = f(x) Vxe M and F(x)< p(x) VxeX.

That is to say,S is the set of all functionals F' extending f and F(x) < p(x) over X. S is non-empty as
not only does F belong to it but there are other functionals also which belong to it by virtue of Lemma
1.2.1, we introduce a relation in S as follows.

For F,F, € §, we say that F| is in relation to F, and we write F, < F, if DF, ¢ DF, and
F,/DF, = F, (let DF, and DF, denote, respectively, the domain of F, and F2:F,/DF, denotes the

restriction of F, on the domain of F]. § is a partially ordered set. The relation $<§ is reflexive as F; < F].

< s transitive, because for F; < F,, F, < F;, we have

DF, c DF,, DF, c DF,. F, / DF, = F, and F} / DF, = F,, which implies that

DF, c DF, and F,/ DF, = F,. $<$ is anti-symmetric. For F, < F;
DF, = DF,

F,/DF = K

For F, < F;

DF, c DF,
F/DF, =F,

Therefore, we have F| = F,.

We now!® show that every totally ordered subset of S has an upper bound in S. Let 7' = {FG} be a
totally ordered subset of §. Let us consider a functional, say F defined over UDFG Af xe UDFG ,
there must be some o such that x e DF,, and we define F(x)=F, (x). F i; well defined Gand its
domain UFU is a subspace of X . UDFG is a subspace: Let x,y € UDFG . This implies that x € DF,,
and y e l;FGz. Since T 1is totally ordgered, either DF, < DF, or DF;r c DF, . Let DF, < DF, . Then,
DF,, x € DF, which implies that x € DF, V real u. This shows that DF, is a subspace. F' is well
defined: Suppose x € DF, . Then, by the definition of F', we have F(x)=F,(x) and F(x)=F (x). By

the total ordering of T either F extends F, or vice-versa and so F, (x) = F (x) which shows that F' is
well defined. It is clear from the definition that F is linear, F(x)= f(x) for xe D=M and
F(x)< p(x) Vxe DF. Thus, for each F, <F; i.e., is an upper bound of 7. By Zorn’s lemma, there
exists a maximal element £ in S; i.e., F is a linear extension of F(x)< p(x) and F < f for every
F € S. The theorem will be proved if we show that D; = X . We know that D, c X . Suppose there is
an element xe X such that x, € D, =X . By lemma 1.1.1, there exists g such that £ is linear,

F(x)=F(x)VxeD,,and F(x)< p(x) for xe [DF U {xo}] is also an extension of f. This implies that

F is not maximal element for S which is a contradiction. Hence, D.=X.
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Proof of Theorem 1.2.2* due to Siddiqi

Since f is bounded and linear, we have ‘ f

Vx. If we define p(x)=|/f||x| then p(x)
satisfies the conditions of theorem 1.1.1. By theorem 1.2. 1 there exists F' extending f which is linear
and F(x)< p(x)=ll £ | x| which implies that F' is bounded and

[#]= Il =t F (o)< 7]

x)|<[|F]. Hence, || £ =] F .

Remark 2.2.1: The Hahn—Banach theorem is also valid for normed spaces defined over the complex
field.

Consequences of the Extension Form of the Hahn—-Banach Theorem

The proofs of the following important results mainly depend on theorem 1.2.2.

Proof of Theorem 1.2.3.'*°! due to Siddiqi
Let M =[w=m/m=Aw,e R] and f: M = R such that f(m)= 1wl

f s linear
Lf Gmy +my) = (A + 2) [ wl]

where m, = 4w and m, = 4,w or

S (my+my) = (2 20 ) ol = 24 [od + 2, o] = 1 () + 1 ()

Similarly, £ (um)=pf (m) VueR. f isbounded (|1 (m)|)=[Aw] = |m| and so |1 (m)| < k[m| where

(OSksl) and
f(w)=||w|| (ifm=w, then 4 =1)

By theorem 1.2.2,
7= 1 ()| =

_sup
“meM

=1

Since f, defined on M, is linear and bounded (and hence continuous) and satisfies the conditions

S (w)=

extending f such that |F||=1and F(w)=|n].

and || f ||:1; by Theorem 1.2.2, there exists a continuous linear functional F over X

Proof of Theorem 1.2.4.° due to Siddiqi
Suppose w0 but F(w)=0 for all £<€X* Since w#0, by theorem 1.2.1., by theorem 1.2.3, there

exists a functional £ €X* such that | F|=1 and F(w)=|wl. This shows that F (w);tO which

contradiction is. Hence, if F/(w)=0 VF € X *, then w must be zero.

Proof of Theorem 1.2.5.'% due to Siddiqi
Let we XM and d =™ |w— m|| Since M 1is a closed subspace and M,d > 0. Suppose N is the subspace

“meM

spanned by w and M ; i.e.,n € N if and only if
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N=Aw+m,AeR,meM (2.1.11)

Define a functional on N as follows:

F (n) =1

F is linear and bounded: f(m +n,)=2% +A,, where n =Aw+m and n,=2A,w+m. Hence,
f(m+n)=f(n)+f(n). Similarly, f(un)=pf for real u. Thus, fis linear. To show that f is

bounded, we need to show that there exists K > 0 such that ‘ f(n)<

ol =l = -2 2]

Since —mAe M and d=

a1+

, we see that >|A|or |-A|<||n|/ d By

m
———w|2
A

f(n)‘ =|/”L| < ||n||/a’ or ‘f(n)‘ =k where k > é > 0. Thus, f is bounded. N = wimplies that

A =1 and therefore, f (w) =1. N=me M implies that A =1 and therefore, from the definition of f,
f(m)=0. Thus, f is bounded linear and satisfies the conditions f(w)=1 and f(m)=0. Hence, by

theorem 1.2.2, there exists F defined over X such that F' is an extension of f and F is bounded linear,

i.e.,FeX*,F(w)zlandF(m):0VmeM.

Proof of Theorem 1.2.6."*' due to Siddiqi
Let N be the subspace spanned by M and (see equation (2.1.11)). Define f on N as f (n) =Ad,

proceeding exactly as in the proof of theorem 1.2.5, we can show that f is linear and bounded on N,
7 ()=

7=t 2.1.12)
For arbitrary €>0, by the definition of d, there must exist an m e M such that |[w—m|<d+e Let

f(w)=d#0,and f(m)=0 forall me M since‘f(n) <

, we have

z:“W—m” ” ” =1 and f(z)=f(w—m)= d/||w m|| By definition, f(n)=Ad;
w—m

,then A=1;andso f(w—m)=d;
/e > (2.1.13)

By theorem 1.2.2. || f||= Sup| f(m)|. Since ||z[| =1, equation (2.1.13) implies that f(z) > d% Since >0
e
is arbitrary, we have

l/]=>1 (2.1.14)
From equations (2.1.12) and (2.1.14) have || f || =1. Thus, f 1is bounded and linear,
f(m)=0 Vme M; f(w)#0 and | f]|=1. By theorem 1.2.2, there exists F e X * such that F(w)#0;

F(m)=0 forall me M and || f||=1.

AJMS/Oct-Dec-2020/Vol 4/Issue 4 20



Eziokwu: Hahn Banach extension results with generalizations

Proof of Theorem 1.2.7.%° due to Siddiqi
Let {f,} be a sequence in the surface of the unit sphere S of

Fl=1]

such that [ F, F,,..., F, ] is a dense subset of S. By theorem 1.2.2,

X*[S:{Fe)(*/

| F = sup = ‘F(v)‘

V=1

and so for €> 0, there exists ve X such that || |=1 and

(1-¢) | Fl<|F (v)| (2.1.15)

Putting e=% in equation (2.1.15), there exists v e X such that || |=1 and %H Fl< ‘F(v)‘

F,(v,)

Then, M 1is separable by its construction. In other to prove that X is separable, we show that M = X

1
Let {v,} be a sequence such that [[v, [I=1; 5 IF, i< ; and M be a subspace spanned by {v, }.

suppose X = M ; then, there exists we X;we M by theorem 1.2.2, there exists F e X *such that | F =1

F(w)=0 (2.1.16)
and F(m)=0 Vme M. In particular, F(v,)=0 Vn, where

%Fn <|E, (v, =|F, (v) = F (v,)+ F (v, <[, —F (3, ) +|F (v,)

Since ||vn||:1 and

F(v,)=0 Vn

We have

1 F|<|F, - F]| (2.1.17)

We can choose {F, } such that

lim|(F, - F)|=0 (2.1.18)

n—»0

Because {F,} is a dense subset of S. This implies from equation (2.1.17) that |F, | =0 Vn.

Thus, using equations (2.1.16), (2.1.18), we have
1=|F|[=|F-F,+F|<|F-F[+|F]<[F-F]+2]|F-F,

or
1= ] =o.

which is contradiction. Hence, our assumption is false and X = M.

MAIN RESULTS ON THE GENERALIZED HAHN-BANACH THEOREM

Theorem 3.1: Let X be a real vector space, M — a subspace of X, and P, a sequence of real function s

defined on X satisfying the following conditions:

iP (i(x[ )J < lZ:jp,»xi

i=1
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ii. B(ax)=a,p,(x)
For each x, € X and ¢, all positive.

Further, suppose that £, is a sequence of linear functional on M such that

3 f(3)< 3 (x) v e

"i:hen, there ;xists sequence of linear functional £; defined on X for which
Zn:E‘(xi): Zn:f[(xi) Vx e M

md

S E(x)<3 p(x) Vs e X

IZI other worldls, there exists sequence of extensions F, of ' having the property of .

Proof: The statement and proof of the following Lemma will be very significant in the proof of the
Generalized Hahn—Banach theorem.

Lemma: Let X be a vector space and u its proper subspace. For each x, e X — M, let N = [mU{xl}]

Furthermore, suppose that £, is a sequence of linear functionals on M and p, —a sequence of functionals

on X satisfying the conditions of theorem 3.1 such that

ij;(xi)gipi(xi) Vx, e M

Then, there exists a sequence of linear functional F; defined on N such that

Zn:Fi(xi)= Zn:f,-(xi), Vx, e M

mi

SF ()<Y 5 (%), Vx e N

"F}llis Lemme:_ilmplies that theorem 3.1 is valid for the subspace generated or spanned by M —{x, }.

Proof: Since

> /i(x) <3 n(x)

For x, e M and Z f; are linear, we have for arbitrary y, € P

i=1
DA =D M(3) <D py,
i=1 i=1 i=1

or

n

ZAﬂ(Yi) < zpiA(yi +xo) < Zni=1 D; (y,‘ +x0)+zni=1 pi(_yi+1 _xo)
i=1 i=1 i#even i#odd

By condition 1 of theorem 1.2.1., thus by regrouping the terms of y, , on one side and those of ¥, on the

other side, we have
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Zn:[—pi (Yia=%) =/, (321) ] < iZ:‘,[pi (5 +%0) = /i (Vi) 3.1)

i=1
Suppose yl.'s are kept fixed and ym's are allowed to vary over M, then equation (3.1) implies that the
set of real number { P (v +x, )} — f;(»;) ¥, € M has lower bounds and hence greatest lower bound by

Remark 1.1.
Let

R:inf{pi(yi +x0)_fi(yi):yi EM}

From equation (3.1), it is clear that o < 8. As it is well known that between any two real numbers, there

is always a third real number. Let p be a real number such that

a<y=p (3.2)

It may be observed that if @ = 8, then ¥y =a = . Therefore, for all y € M, we have

Z::f[(_pi(_yi _xo)_ff(yi))}gy sz::[(pi (yi +xo)_fiyi)] (3.3)

From the definition of N, it is clear that every element x, in N can be written as

X, =y +Ax, (3.4)

Where x;e M or x,€e X —M, A is uniquely determined real number and y is uniquely determined

vector in M . We now define a sequence of real valued functions on N as follows

Fx, = i(yi+)“x0):f;(yi)+l (3.5)
Where y is given by equation (3.2) and x is as in equation (3.4). We shall now verify that the well-

defined sequence of functions F, (xi) satisfies the desired conditions, i.e.,

n
1. ZE is linear

i=1

ii. ifi(xi)ziFi(xi) Vx, e M

1il. Zn:E (x,)< Zn:pi (x,) Vx,eN
i=1 i=1

1. X F, is linear
For

21,202, EN(2, = Y, + A%y, 2, = Yy + MXgsens 2, =V, 2,5, )s
F (3 + A%+ yy + Axy + 4y, + A,%))

=L+t ) A+ 4 o+ A)x,
=fim+m+y,)+ (A + A4+ Ay

=f(»n) + L () + A+ () F Ay + Ay +.+ Ay

as f; 1s linear
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or

F;(Z1 +Zz+-'~+Zn):[f1 (y1)+;{17]+|:f2 (y2)+)”2y:|+|:f;1 (yn)+)”n7/:|
=F(z)+F(z,)+..+F,(z,)
Similarly,

2. Zn:f(az) = oczn:F(Z) for each z e N and for real a
= i1

3. If x, e M, then A, must be zero in equation (3.4).
Case 1: A, =0:} We have seen that

WIS WAL

and as

2 ()<Tn ()

we get that

> F(x)< T A(x)

i=1

Case 2: 1 > 0: From equation (3.2), we have

7/<Zpl +x0)—f () (3.6)
since N is a subspace, y,A € N replacing y by y/A in equation (3.6), we have

il o]

or

o]

By condition (2) of theorem (2.1),

zp { (v, +x) } i%[pi(yi+ﬂ,x0):|

i=1 7Y

N

For A >0 and fi(&J:%fi(yi) as f; is linear.
X ]

i

Therefore,

iznl:li}/ < IZnI“I:pi (yi +2’i'x0):| =/ (yi)

or

Zf )+ Ay, < Zn‘,p,-(yﬁ/'lxo)

i=l1
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Thus, from equations (3.4) and (3.5), we have

2o (y=x)-£(n)]< 27, (3.7)
i=1 i=1

Replacing y, by % in equation (3.7), we have

Z|:pi —
i=1

or

S n(Zs e e (2] -Slrgre)
[2-n St 100)]

Multiplying (3.8) by A, we have

Zn:{(zipi)(_?yf—xoﬂzg[wi +£(»)]

i=1 i

i[pi

i=1

(The inequality in (3.8) is reversed as A is negative) or

3 (a)e (L)oo 4|2 S o)

i=1 i i=1

Since _L > 0, by theorem 2.1, we have

S (-LJorrer< (L o]

and so

i{(—%)(—%jpi(yﬁ%xo)}z' F(x,)

i=1 i

N

or
S F ()<Y p(x) v eN
i=1 i=1

and hence, the proof.
Now, having established the proof of the above stated lemma, we then make its use in the proof of
theorem 3.1 earlier stated. Hence: Let S be the set of sequence of all linear functional F; such that

> F(5)=2 A (x) vx e M
i=1 i=1
and

iE(xi):iZ::Pi(xi) Vx, e X

i=1
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That is to say that S is the set of sequences of all functional F; extending £, and ZE (x,)= Z p.(x)
i=1 i=

over X; § is a non-empty as not only does F; belong to it but there are other functional also which

belong to it by virtue of theorem (1.2.1), we introduce a relation which is as follows.

For F,F, €S, we say that F, is in relation to F;,, and we write F, < F,,. If DF, c DF,,, and

F. ., /DF, =F, let DF, and DF,,, denote, respectively, the domain of F, and F,,,. F,,,/DF, on the

i+l
partially ordered set. The relation $<$ is reflexive as F, < F,:< is transitive because for
F<F,; F, <F,,wehave DF, c DF, ; DF,,, c DF,,. F,,,/ DF, =F;; and F,_, / DF,,, = F, ,, which

i+l
implies that DF, c DF, and F, , / DF, = F;: $<§ is anti-symmetric forF, < F,

i+l

i+1

DF, c DF,

i+l

| DF, =F,

1+1
for
F;+1 < F:

DF.., c DF,

i+1
F/DF, =F,

i+1

Therefore, we have F, = F,

i+l

We now show that every totally ordered subject of S has an upper bound
inS LetT = {F(rl } be a sequence of totally ordered subset of S. Let us consider a sequences of functional

say I’ defined over l_IDFCyl .

o

If xe HDFG] , there must be some o, such that x; € DF, and we defined F; {x}= F, (x,). F is well

St

defined and its domain HDF is a subspace of X . HDF is a subspace. Let x,x,,...,x, € HDFG’_ .
This implies that x, € HDF and x,,, € HDFG .

Since T is totally ordered either DF, < DF cor DF, < DF,.Let DF, < DF, .Then, xeDF, and

SO
X, + X, eDF

i+1

or
X +x,, € H DF,
o

Let x, € DF, implies that 9x € HDFU,- V real 9. This shows that HDFU,- is a subspace. F' is well

defined: Suppose x, € DF, and x, € DF, . Then, by the definition of F,, we have F,(x,)=F, (x;) and

o

F,(x,)=F, (x,). By thetotal ordering of 7', either F, and extend F, orvice-versaandso F, (x,)=F, (x,)

1

which shows that F; is well defined. It is clear from the definition that F; is linear,

ZF Zf ) Vx,eD, =M

and

ZE Zp Vx €D,
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Thus, for each F, eT,F, <F,, i.e., 1s an upper bound of 7. By Zorn’s lemma, there exists a maximal

element F; in S, 1.e., F; is a linear extension of

fZF Zp, x;)

and
Y. F, <) F forevery F,eS
i=1 i=1

The theorem will be proved if we show that D, = X. We know that D. < X. Suppose there is an

element x € X such that x; ¢ D, . By the above lemma 3.1, there exists 171 such that }71 is linear,

F.(xl.):F;.(xl.) Vx;, € D;

1

and

ZF Zp forx e[D V{xo}]

Is also an extension of /. This implies that /' is not maximal element S which is a contradiction. Hence,
D, = X . Hence, the proof.

Theorem 3.2 (on the generalized form of the topological Hahn—Banach theorem): Let x be a normed
space M — a subspace of X and f, — a sequence of bounded linear functional of M, then there exist a

sequence of bounded functional F, on x such that

ZF Zf ) Vx, e M
5]

Proof 3.2: Since f; is bounded and linear, we have

Zn:fl.(x)ﬁ ; Zn:xi Vx

If we have defined Z )2 || then Z p satlsﬁes the conditions of the theorem (3.1) and

by this theorem, there exists ZF extending Z /; which is linear and ZF z p Vxl. e X,we
i=1 i=1 i=1

have Zn: - Z F(x as F is linear and so by the above relation

> F(x) T (- —HZfiHHZ—fo=HZﬁHHZ%H=§pf(xi)

Thus,

ZF sz x) =2 Al

Which implies that F; is bounded and
D EIN IO B 39)
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On the other hand, for x e M,

it

and so

ARG
Zf S HWAC

Hence, by (3.9) and (3.10), we have

<[>

i=1

(3.10)

Proof of theorem 3.3: LetM = I:{w,}] ={m,:m,=2 € R} and F,: M — R such that

Zf Zl [

f; 1s a linear since
Zn:fi(mi+mj)=zn:(li+/1j)w
i=1 i=1

where m, = ,w, and m; = A,w, or

Zn:fi(mi+m) le+zl1/1w me+zllfm

J=i+l J=i+l

We now state the rest of the generalized results without their proofs as they directly follow.

Theorem 3.4: Let w, be a sequence of non-zero vectors in a normed space X . Then, there exists a

sequence of continuous linear functional F, defined on the entire space X such that || =1 and

ZF ZW

Theorem 3.5: If X is a normed space such that ZE (wi) =0 VF, € X *. Then, ZWi =0.

i=1 i=1

Theorem 3.6: Let X be a normed space and M its closed subspace. Further assume that w, e XM .
Then, there exists £; € X * such that F, (m,) =0 for all m, e M and F,(w,)=1.

Theorem 3.7: Let X be a normed space, m its subspace and w, € X such that d = inf||w, —m,|>0.
Theorem 3.8: If Ux * is separable, then UX . 1s itself separable. et

i=l1
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