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ABSTRACT

Given a normed linear space X, suppose its second dual X** exists so that a canonical injection J: X+X**
also exists and is defined for each x € X'by J (x) =@ _where O : X**~R is given by @ (f)=<f, x> for each
f € X*and <J (x),(f)>=<f, x> for each f € X**. Then, the mapping J is said to be embedded in X** and
X is a reflexive Banach space in which the canonical embedding is onto. In this work, a general review
of Kakutan’s, Helly’s, Goldstein’s theorem, and other propositions on the convex spaces was X-rayed
before comprehensive results on uniformly convex spaces were studied, while the generalization of
these results was discussed in section there as main result along the accompanying proofs to the result.
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REFLEXIVESPACES

A known fact is that for any normed linear space
X, the space X* of all bounded linear functionals
on X is a Banach space, and as a Banach space
X* has its own dual space which we denote by
(X*)* or simply by X** which is often referred to
as the second dual space of X. Hence, there exists
a canonical injection J: X+X** of X into X**
defined for each x € X by

J(x)=0,

where @ : X**7R is given by

@X H=<f, x>

for each f '€ X* Thus, <J (x),(f)>=<f, x> for each
feX

Note the following facts:

1. Jis linear.

ii. IJ I=lxl for all x € X meaning that J is Isometry.
In general, the map J needs not be onto, and
consequently, we always identify X as a subspace
of X**_ Since an isometry is always a one-to-one
map, it follows that J is an isomorphism onto J (X)
c X** The mapping J defined above is called the
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canonical map of X into X** and the space X is
said to be embedded in X**, hence the following
definitions.

Definition 1.1[1]: Let X is a normed linear space
and let J is the canonical embedding of X into
X** 1If J is onto, then X is called reflexive, that
is, a reflexive Banach space is one in which the
canonical embedding is onto.

Proposition 1.1]2]: Let X is a finite dimensional
normed linear space. Then, the strong, weak and
weak star topologies coincide.

Theorem 1.1: (Kakutan’s theorem)|3]

Let X is a Banach space. Then, X is reflexive if
and only if

B, ={xeX:|x|<1}

is weakly compact.
Lemma 1.1: (Helly’s theorem)[4]

Let X is a Banach space, {fz}; € X  and
{ocl.}; € R fixed. Then, the following properties

are equivalent
i Ve>0, Ixe X3 |x|<1 and

J(£,0.)

<g, Vi=1,2,...n
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Lemma 1.2: (Goldstein’s theorem)|5]

Let X is a Banach space then J (B) is dense in
(Boor W).

Lemma 1.3: Let X'and Y are Banach spaces and let
T (X,S) —(7,S) is a linear continuous map. Then,
T (Xw) —(Y,w)

is continuous and conversely.

Proposition 1.2[6]: Let X is a reflexive Banach
space and let K a closed subspace of X, then K is
reflexive.

Corollary 1.1[7]: Let X is a Banach space, then X
is reflexive if and only if X* is.

Corollary 1.2: Let Xis a Banach space, K a closed
bounded convex non-empty subset of X. Then, K
1s weakly compact.

UNIFORMLY CONVEX BANACH
SPACES

Definition 2.1[8]: A subset M of a vector space X
is said to be convex if x, x, € M. Implies that the
set W={v=ax +(1-a)x,: 0<a<1} is a subset of M. The
set Wis called a closed segment, while x, and x, are
called the boundary points of the segment W and
any other point of W is called the interior point of /7.
Definition 2.2 (Strict Convexity)[9]

A strict convex norm is a norm such that for all x ,
x, of norm 1,

||x1 +x2||<2

A normed space with such a norm is called a
strictly convex normed space.

Definition 2.3 (Best Approximation)[9]

Let X=(X,Il) is a normed space and suppose that
any given x, € Xis to be approximated by ax, € Y
where Y is a fixed subspace of X. We let § denote
the distance from x, to Y. By definition

§=38(x,Y)=""

=er % — x|

Clearly ¢ depends on both x, and ¥ which we keep
fixed so that the simple notation ¢ is in order if
there exists a x, € ¥ such that

e=x]| =8

then y, is called a best approximation to x, out of Y.
Lemma 2.1 (Convexity)[9]

In a normed space X=(X,ll), the set M of best
approximations to a given x, out of a subspace Y
of X'is convex.
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Lemma 2.2 (Strict Convexity)[9]

We have that

(a) The Hilbert space is strictly convex

(b) The space Cl[a,b] is not strictly convex
Definition 2.4 (Uniformly Convex Banach
Spaces)[10]

Let X is a Banach space, and S, (x,), B, (x,) denote
the sphere and the open ball, respectively, centered
at x, and with radius r >0.

Sr(x0)={xEXi||x_x0”=r}
B, (x)={xe X fpr—x|<r}

A Banach space X is called uniformly convex if
for any ¢ € (0,2] there exists a 0=5 (€)>0 such that
if x , x, € e with Ix I<I, Ix,I<1 and Ix -x I<€, then

1
HOERY

Definition 2.5[10]
A normed space is called strictly convex if for all
x,, X,€X, x, # x, Ix I=lx I=1, we have

<1-9%

|2, +(1=2)x,| <1 VA e(0,1)

Theorem 2.1.

Every inner product space H is uniformly convex.
Example 2.1: X=L spaces 1 <p <oo are uniformly
COnvex.

Example 2.2: £ (1 <p <o) is uniformly convex

Example 2.3: If X=(, then for p,g>1 such that

L + 1 =1 and for each pair x,y € X, the following

p 9

inequalities hold
i.

q
+

q

gq-1
<
)

27 (|l +[A")

S(x-)

o
I1<p<2
ii.

[+ ol + el <277 (ol <o), 25 p <o

Example 2.4: The spaces ¢, and { are not
uniformly convex as well as the space C[a,b]
of all real valued continuous functions on the

compact interval [a,b] endowed with the “sup
norm.”

25



Emmanuel: Real Convex Banach Spaces

Proposition 2.1[11]:

Let X is a uniformly convex Banach space, then
for any & >0, € >0 and arbitrary vectors x, x, €
X with lIx I< 6, Ix,I< & and Ix -x,I<e there exists a
6 >0 such that

H%(xl+x2) s[l—s(gﬂs

Proposition 2.2[11]:

Let X is a uniformly convex Banach space and
let o € (0,1) and € >0. Then, for any & >0, if x,
x, € X are such that Ix I< 6, Ix,I< & and Ix -

x,I<e, then there exists 8:8(§)>0 such

that

Jowx, + (1= 00)x, | < [I—ZS(EJmin{oc,l—oc}T

Theorem 2.2[11]:
Every uniformly convex space
convex.

is strictly

Definition 2.6 (Convex Function)[12]
A function f: R"—R is said to be convex if its
domain D (f) is a convex set and for every x,, x,

€D (f),

f(?xx1 +(1—7»)x2)S kf(x])+(1—7»)f(x2)

where 0<A<I.

Lemma 2.3[12]: Every convex function f with
convex domain in R is continuous.

Definition 2.7[12]:

Let X is a normed space with dim X>2. The
modulus of convexity of X is the function

§.:(0,2] > 0,1]
defined by
X, +x
=122 ] =[x =1
S, (g) =inf 7 ”xl ” ||x2||
€= ”xl - xz”

where in particular for an inner product H, we
have

82

5, (e)=1- 1—?
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Lemma 2.4[12]: Let X is a normed space with
dim X>2. Then,

X, +X
=22 x| <
8, (¢)=inf bl
8S||xl—x2||
+
IR e B
e=|x x|

This lemma implies &_(0)=0.

Lemma 2.5[12]: For every normed space X, the
function §_(€)/e is decreasing on (0,2].

Theorem 2.3[12]: The modulus of convexity of
a normed space X, §_is a convex and continuous
function.

Theorem 2.4[12]: A normed space X is uniformly
convex spaces of §_(€)>0 for all e€ (0,2].
Theorem 2.5[12]: If X is an arbitrary uniformly
convex space, then

.-

Theorem 2.6: (Milman Pettis theorem) [12]
If X is a uniformly convex Banach space, then X
is reflexive.

MAIN RESULTS ON GENERALIZED
CONVEX SPACES

Definition 3.1: (Generalized Convex Space)
From definition 2.1 above, a union of subsets

UMl. of vector space X is said to be convex if
i=1

O yiozi € UMI. implies that the set

11 i=1 i-1
UW

1s a subset of U M, . The set U W.is called a closed

i=1 ll

segment while U vy, and Uz are called the

i=1 i=1
boundary sets of segment U W. and any other point
n i=l n
set of U W, is called the interior point set of U w..
i=1 i=1
Definition 3.2: (Generalized strict convexity)
A generahzed strlct convex norm is a norm such
that for all Ux Uy of norm 1,

i=1 i=1
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Uxi +in‘:HU(xi +yi)‘:U||xi +yi||< 2
i=1 i=1 i1 Pt

such a normed space is called a strictly generalized
normed space.
Definition 3.3:
Approximation)
Let X=(Xll) isna normed space and suppose that

(Generalized Best

any given set Uxi € X is to be approximated by

i=1

a U v, €Y where Y is a fixed subspace of X. We
i=1

let 8 denote the distance from le. to Y. By

i=1

definition

5=8(Us.2) =1t Uk~

Clearly, 6 depends on both Uxi and Y which we

i=1

keep fixed so that the simple notation § is in order.
If there exists a y €Y such that

Uxi ) =U||xi —yo|| =9
i=1 i=1

Then, y, is called a best approximation to Uxi

i=1

n

out of Y.
Lemma 3.1: (Generalized Convexity)
In a normed space X=(X;ll), the generalized set M

of best approximations to a given le out of a
. i=1
subspace Y of X is convex.

Lemma 3.2: (Generalized Strict Convexity)

a. The Hilbert space is strictly generally convex

b. The space Cla,b] is not strictly generally
convex

Definition 3.4 (Uniformly Convex Banach Spaces)

Given an arbitrary Banach space X, for x, € X and

let US,[ (xo) be the sphere centered at x, with

i=1

radius U 1, >0 such that

i=1

Us, (x)= {le« ex:Ul —x0||:Url}
i=1 1 i=l1 i=1

Then, a normed space X is called generalized
uniformly convex if for any (0,2] there exists a

6=08i(8i) such that if  Jx,(Jx, € X with
i=1

Ul =t |=1 and Ul -, |2 Ue, then
i=1 Jj=1 i=1 i=1
j=1
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"l
IEIJ E(xi+xj)

J=1

<(1-1s))

We also note the following useful definition.
A generalized normed space X is uniformly convex

if for any Usie(O,Z], there  exists
i=1

081. =08i (g,)>0 such that if Lanl.,Lanj exX
i=1 i=1

i=1 i=1
with JJs <1, Ul <1 and U —x, |2 Ue,
i=1 j=1 i=1
Jj=1

then

n

U

i=1
j=1

()

Definition 3.5
A normed space is called strictly convex in the

n n
generalized sense if for all U X, U x, €X,x #x,
=1 j=1

n n
U”‘xz” =1, UHXJH =1, we have
i=l =1

UHM +(1-2)x, [ <1 vre(0,1)
i=1

J=1

Theorem 3.1.

Every inner product space H is uniformly convex
in the generalized sense.

Example 3.1: X=L spaces 1<p<w are uniformly
convex in the generalized sense.

Example 3.2: The {’p (1< p< ) is uniformly
convex in the generalized sense.

Example 3.3: If X=€p, then for p,g>1 such that

1 1 . n n
—+—=1 and for each pair Uxi,le. e X, the
JZ) i=1 j=1

following inequalities hold.

1.
q n

i=1
J=1 J=1

<Ol (sl 1)
i=1
J=1

q-1
A< p<2
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and

il.

" p " q
Ul + U+
i=l1 i=1
J=1 J=1

<2 [Ollxillp—UijHP} 25
i=1 i=1
J=1 J=1

Example 3.4: The spaces £, and £ are not uniformly
convex in the generalized sense as well as the space
Cla,b] of all real valued continuous functions on the
compact interval [a,b] endowed with the “sup norm.”
Proposition 3.1:

Let X in the generalized sense be a uniformly

convex Banach space, then for
any USi >0, Usi >0 and arbitrary
i=1 i=1
vectors U Xis U X, €X with
i=1 Jj=1

n n n n n
Ulkl < Usi’UijH < Si,UHx,. —xjH 2 Je,
i=1 =1 el i=1 i=1

Jj=1

there exists a 6 >0 such that
UH x +x {1 d. (61 H&l
Proof:

For arbitrary le,Ux eX, let Uz —;

i=1 j=1 i

Uz —ﬁ and set US —U(%} obviously,

i=1

e >0.

Moreover U”zl” <1, OHZJH <1 and
i=1 Jj=1

Uk =<1+ (—ux o2

so that for generahzed uniform convexity, we

have, forsomeUS US( )

LnJ %(zi—zj) SQ(I—SI. (8))

i=1
J=1
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that is

U

i=1
J=1

1
z—di(xi +xj)

which implies

U Hl (x+x)

o(-(3)

Proposition 3.2:
Let X in the general sense be a uniformly convex

J=1

space and let o € (0,1) and US >0 . Then, for any

i=1

06>O, if x, x
i=1

J

Ul <8, Ul |8, Ul -, |2 Uk, then
i=l Jj=l i=I i=1
j=1

€ X are such that

there exists US ;

i=1

d ] >0 such that

" €
_96" 5

UHO(.x+1 oc H<U 1- 26(6Jmmoc 5

F i=1 (I—OL)

Theorem 3.2:

Every generalized uniformly convex space is
strictly convex.

Definition 3.6 (Convex Function in the
Generalized sense)

A function U f; :R" > R is said to be convex in

i=1
the generalized sense if its domain D(U flj isa

i=1

convex set and for every le.,Lanj € D(Ufij,

Uf[xx+ M)x, |< ka

I
—_

i=1
J=1

Where 0<A<I.
Lemma 3.3: Every generalized convex function
U /; with convex domain in R is continuous.

i=1

28
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Definition 3.6:

Let X is a normed space with dim X>2. The
generalized modulus of convexity of X is the
generalized function

Osx :(0,2] = [0,1]

defined by

n
z” = UHXJH =1
et =1

n i=1

n
i=1 _
Uei = UHX,- —xjH
i=1 i=1

J=1

>
=
—
Ry
SN—"
Il
—_
=
=

where in particular for an inner product H, we
have
Ue
US
4

Lemma 3.4: Let X is a normed space with dim
X>2. Then,

—1— 1-

||<1UHH<1

8, (g,)=inf

U8<U%—XH

1c=

IFIUHH<1

~.
)

=inf

e sUb o
i=1 1;11

This lemma implies LnJ §,.(0)=

i=1

Lemma 3.5: For every normed space X, the

generalized function U[SX (8 ) / ei] isdecreasing
i=1

on (0,2].

Theorem 3.3: The general modulus of convexity

of a normed space X, §_1is a generalized convex

and continuous function.

Theorem 3.4: A normed space X is a generalized

uniformly convex spaces of J_ U >0 forall

i=1

£ € (0,2]
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Theorem 3.5: If X is an arbitrary uniformly
convex space in the generalized sense, then

Theorem 3.6: (Generalized Milman Pettis
theorem)

If X is a uniformly convex Banach space in the
generalized sense, then X is reflexive in the
generalized sense.

Proof of Theorem 3.1

Recall the parallelogram law in its generalized
sense because this will be useful in our proof.

n n
Hence, for each va ij € H, we have

=l j=1

" 2 " 2
O+ Ol = =
i=1 i=1
J=1 J=1

(3.1.1)

(VEEVEY
i= j=
Let Oei €(0,2] be givenand let Lan Ux eH

i=1
U”x |<1 UH H<l and

UHX - X, H > Ue then equatlon (3 1.1) yields

be such that

CJ %(‘xi _Xj) Sil:Z@)—L:JHxi —xj”z}:

n 1 n
We can now choose USi =1- fl—ZU82 >0
i=1 i=1

Proof of example 3.3:

, let Oxi,Oxj €L, be such

=1 =l

that U”x ||<1 qu H<1 and qu - X, H>U81 ,

two cases arises:

Given Oei €(0,2]
i=1

29
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Case 1: 1<p <2: In this case, the Helly’s theorem
yields

< 2—(4—1)

Sl <

i=l i=1
Jj=1 J=1

[Unxn kel J -

Thus,
n 1 q

—(x, +x
9 2( J)
j=1
<1—n i <1- iqo—(x+x)
B i=1 2 B i=1 2 i=1 2 : /

J=1 Jj=1
Y

< J|I1-| =

(3]

j=1
So that by choosing

HSi:l_H{l_(%qul>o
)<

(1< p £2) is uniformly convex in the generalized
sense.

Case 2: 2< p <oo. The result follows as in case 1.
Proof of example 3.2 verification:

To see this follow the steps below:

For the space £ : Consider

U(l 5. ) and so Lp
i=1

and take Uei =1 clearly Uxi,Lanj €L and

i=1 i=1 Jj=1

O”xingl = LL”JHXJ-H[ =1 also while
i=1 =1 I

n
UHxl. - xJ.HZ =2>¢. However,
-1 1

J=1
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n

Ub(x+x,)

1

1
IEIJ E(xi+xj)
i=1

is not satisfied showing that £, is not uniformly
convex in the generalized sense.
For the space £_: Consider

UJx, = (1,1,0,0,--)

i=1

Ux, =(-1,1,0,0,--)

Jj=1

and take US =1 clearly le,Ux €/_ and

i=1 Jj=1

Ul =1l =1 atso while
i=1 =1 foo

=1 so that

~ 3
S L
—_

<UJa-5).Js,>0
i=1

n
UHxi —-X; HZ =2>¢. However,
i=1 -

Jj=1
it

Ul

Jj=1

(x+x,)

=1 so that £_ is not uniformly

convex in the generalized sense.
For the space Cl[a,b]: we choose two function

U /; and U Jf; as follows

i=1

b-t,
t,)=1, for all ¢ € [a,b], fj.(@):b U for

—a

Qﬁ-(

each € [a,b].

Take LnJei =% clearly Lanl and Uf] € Cla,b],
i=1 i=1 Jj=1

QIIJ?II=L"J1\\J3\\:1 and CIJHfi—fjH:1>e. Also

J=1

=1 and so (Ja,b] is not uniformly

U

i=1
Jj=1

SU-1)

convex.
Proof of proposition 3.1:
Let Usi >0 be

z,= xi , ' z,= [ and  suppose
J
d. )= A4,

given and let

i=1
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we set Obviously,

Ue=U 5}

i=1

L’j}nzinsLL’j}HZjug and
i= j=

1
UHZ ~z|=Ugle-x[2

i
Jj=1

moreover
——8 . Now by the
generalized uniform convexity, we have

U=+ 2 <U0-5.(2)

i=1

Up-s(3)

e
(LN
—

=

zld(“x)

Proof of Theorem 3.6 (Milman Pettis)

It suffices to prove that map UJi :By > B,. is

i=1
subjective. So let Ue. EUJ,- (BX)

i=1 i=1
UJ UJ
U g € UJ,- (B,
i=1 i=1

show that any open ball with center Uei
i=1

. Recall that

hence it suffices to prove

) . To prove this, it suffices to

intersects LnJJi (BX) Le.
i=1

OBE(EI»)QJi(BX)iO or

i=1

given any &>0

better still

UEI. > 0,3 le. € B, such that
i=1 i=1

| <e (3.6.1)

UlHEi -J, (x

We now prove (3.6.1). So let US; >0 be given by

i=1
the uniform convexity of X in the general sense
there exists USI. >0 such that for all

i=1

AJMS/Oct-Dec-2021/Vol 5/Issue 4

Lanl.,Lanj € X with

=1 =l

n n n n

Ul < I’UHXJH < I’qui _XJH >Je,

i=1 j=1 i=1 i=1
j=1

we have
n 1 n
g E(xi_xj) <g(1—5

J=1

Fix this USi >0 (corresponding to the given

n i=1
Us)
i=1

Since onel” =1, it follows that Osi # 0. Hence,
i=1 i=1

we can choose Ofl € B such that onfl” =1 and
i=1 i=1

(3.6.2)

050=(Ue.Us)
~Uel-1>U)-% ]

Set

X:{Oxi eXx”

i=1

foe-ou)-

2

Then, X is a neighborhood of Uei , the w*

i=1

topology of X** so LWJJI. (BX)

i=1

issense in B,
with respect to the topology w* of X**, Hence,

any neighborhood of the w* topology of X** an
arbitrary element of B, . must not intersect

UJ
Xﬂ(UJ );ﬁo

Let ij € Xﬂ(OJi (Bx)j then clearly
i=1 i=1

. In particular

LanjeLnJJi(BX. Let x, € B, be such that
i=1 i=1
U (8,
i=1

thus picked x, € B_ such that UJi (By)eX.

)=X then UJ )€ X. We have
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.Then, to complete the proof of (3.6.1), it now
suffices to prove that

Ule. -
i=1

i(xO)H <t

We now prove (3.6.3) by contradiction. So suppose
then

Us, e UJl. (x,)+€B -
i=1

Then,

L”Jsi € UJi (x,)+&B,. =Y
i= i=1

the complement of (O J, (xo) +&B, . )

i=1

observe that since B_,, is closed, it follows that Y'is

a neighborhood of Usi in the w* w" topology of

i=1

X*. Hence,
(xXNy) (UJ j

This implies that there exists Uxi € B, such that

i=1
UJ

Consequently, we obtain

eXﬂY

s
5
\/

\

<U Ue,,L"Jf,>

(since we already noted that UJ (x))€X )and

i=1

WEVARIVVD
<QS [Slnce UJ er

These inequalities imply
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N
N

Qe Qr}- (Gt
Q- Qe 0
A0 Ue)-{Qe U

So that

2<,L:J18"’in>s
U U

i=1

<d

VAU

U(x, +x,)

i=1

+d < +8< +d

X, +x,)

and consequently using (3.6.2), we obtain the
following estimate

H U x0+x <U81’Uf> U >1-
UE_U__I US < U x0+x
i=1 11

We have the following situation ||x0|| < O”xl” <1

i=1
and U U (1-8,) then by uniform
convex1ty (contrapositive), we have

U fGrs)|sUe =

But, then U H X, +x

+6

xo+x

x0+x

>¢g since U J eY

i=1

and U J, (xo) ¢ Y which implies

g ”xO _xi” = UHJi (xo

hence contradiction.

—xl.)H=U||Jl.x0 —Jl.xl.||>8

Proof of Lemma 3.5

and

with LaniSLnJEi
U ,,Ux 1nXsuchthatU ||x|—1—Ux and

i=1 j=1

U - |=Ue

Fix 0<Uni32

suffices to prove
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O(SX (n)j < Q(SX (8")). Consider

i-1 n g

" (s o] Kt

ga,»—g(ei x,)+gl(l SJ(H)"‘”;HJ
=

and

Jj=1
then
Oa _Uaj:oﬁ(x +x/) Uaj—LnJa] =M,
1 =1 -1 € -1 i=1
j=1
and
n;
Ulaj—lL:Jla, o[ x+x, meHxﬁx}H
S =AU TR ) R
which implies that
H X+x, atal "fn )
el U
EARI
A 2¢,
o ]
IH(IS_,-+ % ’J
Jj=1
\P+GH
-
Note that
Xt Xt
sl 2 |
g 1 1
Ol
(bt i
_IL_IJ I_Tj (3.5.1)

i=1
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Now,

xi+xj al.+aj

oll+x| 2
A fa-al
Uin_ T]Hx+xH Ul I_Hxi+xju\
171 2g, gl 2
j=1 /
xl-+xj _xl-+xj
Yy [o+x] 2 (3.5.2)
-]
and then
! BX(TL')J
U= )
lova) 5t _laral
p | I=F I X, X, 2
D Toval |5 favel
Jj=1 Jj=1

X tx, X tX,;

llesl” 2
3 el
j=1

|+,

. | . Hxl.+xjH
2 —
- - 2

i=1 Hxi —X; H i=1 €
j=1 J=1

By taking the infimum over all possible U x, and
i=1

n n n
ij with USI. =UHxl. —xjH and
j=1 i=1 i=1

=

n n
Ulkl=Ulx =1
i=1 j=1

we obtain that O Ox (ni) < U O (€
o1 M

i=1
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