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ABSTRACT

In this manuscript, we prove the existence and uniqueness of a common fixed point for a continuous self-
mapping over a closed subset of Hilbert space satisfying non-linear rational type contraction condition.
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INTRODUCTION

Fixed point theory is an important tool used in
solving a variety of problems in control theory,
economic theory, global analysis, and non-
linear analysis. Several authors worked on the
applications, generalizations, and extensions of
the Banach contraction principle!! in different
directions by either weakening the hypothesis,
using different setups or considering different
mappings.

Banach contraction principle hasbeen extended and
generalized by several authors such as Kannan!?
who investigated the extension of Banach fixed
point theorem by removing the completeness of
the space with different conditions. Chatterjil®!
considered various contractive conditions for
self-mappings in metric space. Dass and Guptal®
also investigated the rational type of contractions
to obtain a unique fixed point in complete metric
space. Fisher!'” developed the approach of
Khann?! and proved analogous results involving
two mappings on a complete metric space.

PRELIMINARIES

The main aim of this paper is to prove the
existence and uniqueness of a common fixed point
for a continuous self-mapping 7, some positive
integers zs of a pair of continuous self-mapping
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T,T. These results generalized and extend the
results oft>31 and!"” here are the lists of some of
the results that motivated our results.

Theorem 2.1.1%! proved that “If f'is self-mapping
of a complete metric space X into itself satisfying
dx,y)<a[d(Txx)+d(Ty,y)], for all x,yEX and
a€[0,1/2), then fhas a unique fixed point in X
Theorem 2.2.' Prove the result with
d(x.y)<afd(Txx)+d(Ty.y)J+pd(x.y), for all x,y € X
and a,f €[0,1/2), then f has a unique fixed point
in X"

Theorem 2.3.) Proved the common fixed point

theorems in Hilbert space with the following
condition.

=7 +y -1
e =7+l = 731

||Tx—Ty||SOt{ }+ﬁ||x—y||for

all x,y €S,x #y, a0 €[0,1/2), >0 and 2a + p<1.

Theorem 2.4.°! Proved the fixed point theorems
in Hilbert space with the following condition.

||Tx—Ty||SOt{

-nf +l-nf |
g { AR

=7 +[y =T }+
e =7+ =731

for all x,y €Sx #y, 0< a,f < 1/2, 0 <y 20t and 2/
+y<lI.
Theorem 2.5.1'" Proved the unique fixed point

theorems in Hilbert space with the following
condition.
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||Tx—Ty|| <a

{IIX—TXIIZ Gl 4 e et 4 e e }+ 0

Joe =7l +lly =T+l =T + [y = 7

{IIX—TXIIZ +Hy -1y }+ . {le— Tyf +ly -7 }
3

e =Tox]+ |y = 73 e =Ty[[+ ]y - 7|
+a,|x- ]
For all x,y €S and 4a ,a,,a,a,> Oand 40, + 20, +

3, 74—
20c3 +a,< 1.

Theorem 2.6."" Proved the unique common fixed
point theorems for two self-mappings 7', 7, of closed
subset X in Hilbert space satisfying the inequality.

= Ta[1y=Tol]
1| =>

2

[Tx-Tov|< a

|y =T[4y - T ]
I+ =y

=Tyl 1+ - 7|
1+x=y

a,

[x= A1 +7x - Ty ]
1+x=y]

4

= y[ 1+ = T[]
1+]y=Ty|

+a;

e =T [ 1+ =T, ]
1+[y-T,]
e = Toy{[1+]7x - 7o
L [x =

6

7 8

[x=sA[1+]x-Tor]
1+ =y]

B e il 9% b I
"1+ =Tl x = Ty |y - Tyl - ¥

= Toxl + [y = 7ol
=T +y =74

+a o=yl + =T J+ as =y

+ay [ =T+ |y - Ty

a
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Forallx,y € Xandx #y, wherea (i=1,2,3,...,13) are
non-negative reals with 0 <»*_ a +3a+23"%_ a
+a <L

Theorem 2.7.1° Proved the unique common fixed
point theorems for two self-mappings T, 7, of
closed subset X in Hilbert space satisfying the
inequality.

Jx =T [+l |

[1x-Ty] < ;
L+[x -]
2 2
x—y [1+||x_ry|| }
sy | =Tl + =Tl |
L+[x =y
5 ]x =

for all x,y € S,x# y where o,p,y,0 and 40, + S +
4y + 0 <1.

Theorem 2.8. Proved the unique common fixed
point theorems for two self-mappings 7', 7,and p,q
(positive integers) of closed subset X in Hilbert
space satisfying the inequality.

Je-mol [+l -1 |

2
R e

= off |1+ =72 |

L=y

wr{fy=mf +fe-rof |
3=

for all x,y € S,x#y, where a,f,y,6 and 4a +f+
4y+6 < 1.

MAIN RESULTS

Theorem 3.1. Let X be a closed subset of a Hilbert
space and 7: X—X be a continuous self-mapping
satisfying the following inequality.

e =T 1+l = 7]

Ix-Ty|<c
fre-nlsq o
v =Ty [1+ ]y = 7]
R Y N

[x =7 [1+]y - 7]
1=

x—y[1+||Tx—Ty||:|
L+ [x =y

3
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e =T [ 14~ 73] ]
1+]y -1y

e = |14 [x— 7]
1+]y -1

+¢s 3

o=y + = 7]
T [x =]

Joe =Tyl [1-+ 7= 7]
L+x—]

7 8

¢, =P+l =Ty + ]y
o oo = T e = T | = Ty = 51

=7y +ly =7
e =7+ = 7]

¢, I:”x - Ty” + ”y - Tx”] T3 ”x - y”

¢ +cn[||x—Tx||+||y—Ty||]

for all x,y€X and x#y, where ¢, (i=1,2,3,...,13) are

. . 8
non-negative real numbers with 0< 2,»:1 ¢, +3c,+2

212 ¢, + ¢, < 1. Then, T has a unique fixed point

i=10 !
in X.

Proof. We construct a sequence {x } for an
arbitrary point x, € X defined as follows
x, . =TIx,,x, =Tx, +1, forn=1,2,3.,

We show that the sequence {x } is a Cauchy
sequence in X

Xopet || 7 |20 :”szn _”TxZn—l

<c xZn _T‘x2n |:1+ x2n—1 _||Tx2n—l ]
: 1+|x2n _|x2n—l

e |x2n—l _||Tx2n—l [1"' Xon-1 _”TxZn ]
’ L+ {|x,, || = {1X5,

+c xZn_Tx2n—l |:1+ x2n—l _||Tx2n ]
’ L+|x,,, || = %201

e |x2n_x2n71 |:1+||Tx2n _||Tx2n71 ]
) L%, || = %21

e Xon T Xont |:1+||x2n||_||T'x2n ]+
’ 1+ |x,,., _”TxZn—l
Xon —Tx2n|||:1+ Xon _”Txanl ]

° I+ |x,,, _||T‘x2n—1
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x,, —Tx,, | [1 + ”szn ” - ||T‘x2n—1

x2n

]

7

1+

x2n—1

[1 + x| =T,

x2n

Xon T Xont

+¢q

1+

+

x2n - Tx2n

+c,

Xy, = 1%y,

Xon T Xont

2 2
+

+|

Xow — Tx2n71 Xopa1 szn

+¢

Xy, =Ty, X, ~ 1%,

]

J+as

+

o [ X, =Ty, ||+ % = 1%,
e, |

This implies

+

x2n - TxZn—l x2n—1 - TxZn x2n - x2n—1

= a(n)||Tx2n —

Xonet ~ X2

where

B, +(02 +2¢y + ¢t +cl2)

Xon ~ Xopa

a(n)=

B2+(1_Cl _cz_C4_CS_C9_CIO_C11_CIZ)

b

Xon = Xapm
B =c,+c,+c;+cg+2¢y+¢ ¢+, +c; and

Bzz 1 “€17C6C97C107C117Cas

Clearly, 6=a (n)<1,vn=1,2,3,.., we get

=0

X, —X

n n

‘xn - xn—l b

Recursively, we have

="

X, —X 21,

n n

X~ X

— 0.

Takingn—oo, we have |x ,, —x,
Hence, {x } is a Cauchy sequence in X'and so it has
a limit A in X. Since the sequences {x, , }={T  }
and {x, ,}={Tx, , }are subsequences of {x }, and
also these subsequences have the same limit A in X.
We now show that A is a common fixed point of 7

Now consider the following inequality
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|A-T2|= ”’l T Xane2
+ (x2n+2 - T’l) = ”)“ - x2n+2|

+

Xops2 — Tﬂ“” = (j' - x2n+2)

+|TA-Tx,,.,,
[A=TA[ 1+ %00 = T[]
1+ ||/'L — Xy,

[”1 T Xy T}””]
1+ ||l — Xy,

<¢

RO b

+c,

|- T, |1+ 0~ T
1+ ||}~ = Xoutl

||/1 — Xy, || [”1 +TA-Tx,,,,
1+ ||/1 — Xy

3

]

+c,

[1+]2-TA]]
Xonr1 — Tx2n+l
JA-Tal[1+A-Ts,,,

I+

n+l

||), - X,
c

+Cs

1+

]

Cs

RO b

|A=Tx,, [ 1+]TA-Tx,,.,
1+ ||l - Xy,

”’1 Xt I:l + ”)' —Tx,,, :I

1+ ||/1 - Xy,

]

+c,

+¢q

T ";t - T/1|| X000 = 1%,
"1+|A-TA||A-Tx,,.,

”/l —TIx,,,
10
”ﬂ' - Tx2n+1

+ ”)' ~Xons
”’1 ~ Xons

Xpper = 1%y,

2 2
+

Xy —TA
Xops1 ~ Tﬂ”

+c

_l_

+¢,, [”/l - T)t” +
+¢, [”’1 —71x,,,,

]

Xops1 — TA”] RESE ”;t X

RO b

+

IA-TA|l <

since

Letting n—o, we  get
(c, e te,te te, e )IIA-TA,

¢ tc e e +c, +c <1, hence A =TA.

Similarly, from the hypothesis, we get A = TA by
considering the following

[A=TA| = (2= x,.,) + (%, ~TA)|.

We now show that A is a unique fixed point of 7.
Suppose that t (A#t) is also a common fixed point
of T.

Then, by the hypothesis, we get
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[ =T A|[1+]e =74

A—=t|=|TA-Tt|<
P-d=lra-rse LT

=N
2 1+[A—1] ’

-1 h-1a]
1+]|A—1| N
A=t[1+|A-TA|]
1+[r =74

|- d[1+|r2—T]
A=

+C;

|A=TAIL+A=T] | [A-Tr[1+]TA-Tr|]

6 1+]—11] “ 1+~
» |2 —d[1+]A-T4]
8
1+]A—1|

o A=Al e A
9
Y o e
-1 +Je-T2f
+¢
fi-rei=7A

sy [JA=TA|+|e=Tt ]+ e [|A - Tt + e~ TA]]
eu|A-1].
Thus,

||)»—t||£(c3 +c,+es e, e +c+e,+ 20, +C13)
[A=<|A-1|

a contradiction. Hence A=t (common fixed point A
is unique in X).

Theorem 3.2. Let X be a closed subset of a Hilbert
space and 7> X—X be a continuous self mapping
satisfying

T'x-T'y|<¢, e[+ -7
L+ =y
eroilely-m]
L+ [x =y

Hx—TSy [1+Hy—Trx}

G
I+[x =y
||x—y||[l+ T’x—Tsy}
' L+[x =)
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b= e[

5

L+]y-T)] +]y-T)]
I 1 o T T ]
T A R
P i U

1= =7 [ - 7 -
I |

0 ey

e =775 +y=7]

e [r=T o4y =77 e

for all x, y€ X and x#y, where ¢, (i=1,2,3,...,13)
are non-negative real numbers with

8 12
0< ZCZ. +3¢, + 2201. +¢;; <1 and 7;s are two

i=1 i=10
positive integers. Then 7 has a unique fixed point
in X.

Proof. From theorem 3.1.7" and 7° have a unique
common fixed point AEX, so that T" A=A and T*
A=A.

From 7" (TA)=T(T" A)=TA, it follows that TA is a
fixed point of 7". But A is a unique fixed point of
T". Therefore TA=A.

Similarly, wecanget TA=A from T*(TA)=T(T*A)=TA.
Hence A is a unique fixed point of 7.

Now, we show uniqueness. Let 7 be another fixed
point of 7, so that 7t=¢. then from the hypothesis,
we have

[A-12][1+]e-771]
1+|A—1]

2= =" A-T"1|<¢

=71+~ 774]]
1+|A—1]

+c, +

\\A—T%“[HH:—T’AM ||a_t||[1+um_mu]

© 1+ “ 1+~
) ||x—t||[1+“/1—T’/1H]
’ 1+”t—TStH
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-] 1+[a-1]
1+t
perdiela-rd]
7 1+ A1 ’
. |A=T7 2+ [Tt + ]2~
9
1+ H/l - T%“Hl - Tft“ “t - TSM” —t

+¢,

= t||[1 + H/l - Tft“]
1+ A -]

-1 +]e-172]
[2-T1| +|e-172]
e, [HA - TStH + “t - T%m +e, |A-1.

+C)

v [[2-T a1

Therefore, we have

||/l—t||S(c3 +c,+es e, tegtc e+ 20, +cl3)
[A=dl<[a-1|

Implies A=t, since c t+c,+tct+ctetete +2¢,
+c <L

Hence, A is a unique common fixed point of
Tin X.

Example 3.3. Let 7 [0,1]—[0,1] be a mapping
defined by Tx=x%/6, for all x€[0,1]with usual norm
[|x-y||=x-y|, for all x€[0,1].

Proof. From theorem 3.1, we have

3

al {H
6

x——

3
_Y
Y76

|7 =173 =

1| =

3 3

I |

1=y

=t+c,

+Cs o =
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3 3
x=" 1+ x—y}
6 6
+C; 3
y
1 <
+|\v 6
3 3 3
Y 1+x_y}
6 6 6
+c = +
RS e
3 3 3 3
x—% 1+ y—% ||x—y||[l+ x_y}
c = =+c
B t el
i 3
||x—y|| I+(x——
+c; 3
y
1 -
+|y 6
3 3
x= 1+ x—y}
6 6
+C; 3
1 L
+|\y 6
3 3 3
R A nEeA
. 6 6 6 .
c L
T el
3
||x—y||[1+ x—);}
c
B L
3 3
) x—% + y—% +x=y]
% 3 3 3
I+(x—— x—% y—% ||x—y||
3P 3|1
y x
x—| +|y-
6 6 3 3
+C, 3 3 +cll[x—— + y—%}
NI N
6 6
3 3
+cl{x—% Hly-= }cmnx-yn
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Continue with the procedure in the proof of theorem
3.1, we get that 0 is the only fixed point of 7.

CONCLUSION

In this paper, we proved the existence and
uniqueness of a common fixed point for a
continuous self mapping,7 some positive integers
s of a pair of continuous self mapping 7", T°
of Hilbert space. These results generalized and
extend the results of some literatures.
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