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ABSTRACT 

 
Through iterative procedures, our aim is to connect the different inequalities and fixed-point issues 

arising from self, contractive and non-expansive mappings in Banach spaces in this communication. We 

offer an iterative technique for resolving the fixed-point issues and various inequalities under study. We 

demonstrate how well the suggested approach converges. 

 

Keywords:Non-expansive mapping,Continuous mappings,Self mappings, Banach spaces,Fixed point 

theory etc. 

 

INTRODUCTION 
 

Let 𝑇 be the self-map defined on 𝑋 in the metric space (𝑋, 𝐷). Making the premise that the set of fixed 

points for 𝑇 is represented by 𝐹(𝑇) = {𝑧 ∈ 𝑋: 𝑇𝑧 = 𝑧}. The sequence {𝑥𝑛}𝑛=0
∞ for 𝑥0 ∈ 𝑋. The Picard 

iteration, defined as 𝑥𝑛+1 ∈ 𝑇𝑥𝑛 , 𝑛 ≥ 0, is used in mathematics. The sequence {𝑥𝑛}𝑛=0
∞  defines 𝑥𝑛+1 =

(1 − 𝛼𝑛)𝑥𝑛 + 𝛼𝑛𝑇𝑥𝑛 , 𝑛 ≥ 0 for the value of {𝛼𝑛}𝑛=0
∞ .This sequence appears in (0, 1). The Mann 

iteration process [6] is denoted by the notation ∑ 𝛼𝑛 = ∞∞
𝑛=0 . In addition to studying iteration and fixed 

point non-expansive mapping in Banach space in 1976, Ishikawa [4, 5] discovered fixed points using a 

new iteration method. 

In 2000, Noor [7] introduced the following iteration scheme for arbitrary chosen 𝑥1 ∈ 𝐶 construct the 

sequence {𝑥𝑛} by 

𝑥𝑛+1 = (1 − 𝛼𝑛)𝑥𝑛 + 𝛼𝑛𝑇𝑦𝑛

     𝑦𝑛 = (1 − 𝛽𝑛)𝑥𝑛 + 𝛽𝑛𝑇𝑧𝑛

𝑧𝑛 = (1 − 𝛾𝑛)𝑥𝑛 + 𝛾𝑛𝑇𝑥𝑛

} 

For all 𝑛 ≥ 1Where {𝛼𝑛}, {𝛽𝑛} and {𝛾𝑛} are sequences in (0, 1).  
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Later, in 2014, Abbas et al. [1] offered the iteration below, where a sequence {𝑥𝑛} is created from 

randomly selected 𝑥1 ∈ 𝐶 by 

𝑥𝑛+1 = (1 − 𝛼𝑛)𝑇𝑦𝑛 + 𝛼𝑛𝑇𝑧𝑛

𝑦𝑛 = (1 − 𝛽𝑛)𝑇𝑥𝑛 + 𝛽𝑛𝑇𝑧𝑛

𝑧𝑛 = (1 − 𝛾𝑛)𝑥𝑛 + 𝛾𝑛𝑇𝑥𝑛

} 

Definition 1.1 Let 𝐻 be a non-empty subset of 𝑋, a Banach space. Let 𝑇 once more be the self-map 

established on 𝑋. Consequently, 𝑇 is said to mean non-expansive if ‖𝑇𝑢 − 𝑇𝑣‖ ≤ 𝑝‖𝑢 − 𝑣‖ +
𝑞‖𝑢 − 𝑇𝑣‖ ∀ 𝑢, 𝑣 ∈ 𝐻and 𝑝, 𝑞: 𝑝 + 𝑞 ≤ 1. The inverse of this relation, that is, that a mean non-expansive 

mapping may not be a non-expansive mapping, is often untrue. Every non-expansive mapping is a mean 

non-expansive mapping with 𝑝 = 1and 𝑞 = 0. We have thought about the generalized version of mean 

non-expansive mapping by taking into account ‖𝑇𝑢 − 𝑇𝑣‖ ≤ 𝑝‖𝑢 − 𝑣‖ + 𝑞‖𝑢 − 𝑇𝑣‖ ∀ 𝑢, 𝑣 ∈ 𝐻and 

𝑝, 𝑞: 𝑝 + 𝑞 < 1. 

Definition 1.2 For some initial approximation 𝑥0 ∈ 𝐻 consider the following sequence 

𝑥𝑛+1 = 𝑇 (
𝑥𝑛 + 𝑦𝑛

2
) ,

              𝑦𝑛 = (1 − 𝛼𝑛)𝑥𝑛 + 𝛼𝑛𝑇 (
𝑥𝑛 + 𝑦𝑛

2
) ,

} 

𝑥0is the initial approximation such that 𝑥0 ∈ 𝐻 and {𝛼𝑛}𝑛=0
∞ ∈ [0, 1]. 

Definition 1.2 For some initial approximation 𝑥0 ∈ 𝐻 consider the following sequence 

𝑥𝑛+1 = 𝑇 (
𝑥𝑛 + 𝑦𝑛

2
) ,

              𝑦𝑛 = (1 − 𝛿)𝑥𝑛 + 𝛿𝑇 (
𝑥𝑛 + 𝑦𝑛

2
) ,

} 

𝑥0is the initial approximation such that 𝑥0 ∈ 𝐻 and 𝛿 ∈ [0, 1]. The definitions of the rate of convergence 

that follow are credited to Berinde [2]. 

Definition 1.3 Let {𝛼𝑛} and {𝛽𝑛} be two sequences of real numbers converging to 𝛼 and 𝛽 respectively. 

If lim
𝑛→∞

‖
𝛼𝑛−𝛼

𝛽𝑛−𝛽
‖ = 0, then {𝛼𝑛} converges faster than {𝛽𝑛}. 

Definition 1.4 Suppose that for two fixed-point iteration processes {𝑢𝑛}and {𝑣𝑛}, both converging to the 

same fixed point 𝑤, the error estimates ‖𝑢𝑛 − 𝑤‖ ≤ 𝑝𝑛 and ‖𝑣𝑛 − 𝑤‖ ≤ 𝑞𝑛 for all 𝑛 ≥ 1, are available 

where {𝑝𝑛} and {𝑞𝑛} are two sequences of positive numbers converging to zero. If {𝑝𝑛} converges faster 

than {𝑞𝑛}, then {𝑢𝑛} converges faster than {𝑣𝑛} to 𝑤.      

Lemma 1.5 [3] Let 𝐶 be a non-empty closed convex subset of a uniformly convex Banach space 𝐸, and 

𝑇 a non-expansive mapping on 𝐶. Then, 1 − 𝑇 is demiclosed at zero. 

Lemma 1.6 [8] Suppose 𝐶 be a uniformly convex Banach space and 0 < 𝑝 ≤ 𝑡𝑘 ≤ 𝑞 < 1 for all 𝑛 ∈ 𝑁. 

Let {𝑢𝑘} and {𝑣𝑘} be two sequences of 𝐶 such that limsup
𝑘→∞

‖𝑢𝑘‖ ≤ 𝑟 also we have  limsup
𝑘→∞

‖𝑣𝑘‖ ≤ 𝑟 and 

limsup
𝑘→∞

‖𝑡𝑘𝑢𝑘 + (1 − 𝑡𝑘)𝑣𝑘‖ = 𝑟 holds for some 𝑟 ≥ 0. Then, lim
𝑘→∞

‖𝑢𝑘 − 𝑣𝑘‖ = 0.  

 

RESULTS 
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Theorem 2.1 If 𝐾 be any non-empty subset of a Banach space 𝑋 and 𝑇 be the self-map on 𝐾 satisfying 

the non-linear ‖𝑇𝑢 − 𝑇𝑣‖ ≤ ‖𝑢 − 𝑣‖ − 𝑚‖𝑥 − 𝑇𝑦‖ and iterative scheme for the sequence {𝑢𝑟}𝑟=0
∞  given 

by 𝑤𝑟 = (1 − 𝜏𝑟)𝑢𝑟 + 𝜏𝑟𝑇𝑢𝑟, 𝑣𝑟 = 𝑇𝑤𝑟 also 𝑢𝑟+1 = 𝑇𝑣𝑟 with 0 < {𝑢𝑟} ≤ 1 and ∑ 𝜏𝑟
∞
𝑟=0 = ∞. Then 

show that the inequality                             

‖𝑢𝑟+1 − 𝑠‖ ≤ (1 − 𝑚)2(𝑟+1)‖𝑢0 − 𝑠‖∏𝑘=0
𝑛 (1 − 𝑚𝜏0) 

Proof: Assume that 𝑠 ∈ 𝐹(𝑇). So, from the given criterian we get  

‖𝑤𝑟 − 𝑠‖ = ‖(1 − 𝜏𝑟)𝑢𝑟 + 𝜏𝑟𝑇𝑢𝑟 − 𝑠‖ 

≤ (1 − 𝜏𝑟)‖𝑢𝑟 − 𝑠‖ + 𝜏𝑟‖𝑇𝑢𝑟 − 𝑠‖ 

≤ (1 − 𝜏𝑟)‖𝑢𝑟 − 𝑠‖ + 𝜏𝑟‖𝑢𝑟 − 𝑠‖ − 𝑚‖𝑢𝑟 − 𝑇𝑠‖ 

≤ (1 − 𝜏𝑟 + 𝜏𝑟 − 𝜏𝑟𝑠)‖𝑢𝑟 − 𝑇𝑠‖ 

‖𝑤𝑟 − 𝑠‖ ≤ (1 − 𝜏𝑟𝑠)‖𝑢𝑟 − 𝑠‖ 

Also,                                      ‖𝑣𝑟 − 𝑠‖ = ‖𝑇𝑤𝑟 − 𝑠‖ 

𝑖. 𝑒. ‖𝑣𝑟 − 𝑠‖ ≤ (1 − 𝑠)‖𝑤𝑟 − 𝑠‖ 

Hence, from the above two inequalities we achieve  

‖𝑣𝑟 − 𝑠‖ = (1 − 𝑚𝜏𝑟)(1 − 𝑚)‖𝑢𝑟 − 𝑠‖ 

Therefore,                           ‖𝑢𝑟+1 − 𝑠‖ = ‖𝑇𝑣𝑟 − 𝑠‖ 

𝑖. 𝑒. ‖𝑢𝑟+1 − 𝑠‖ ≤ (1 − 𝑚)‖𝑇𝑣𝑟 − 𝑠‖ 

From the above two inequalities, we achieve 

‖𝑢𝑟+1 − 𝑠‖ ≤ (1 − 𝑚)2(1 − 𝑚𝜏𝑟)‖𝑢𝑟 − 𝑠‖ 

Hence, from the above two inequality we estimate 

‖𝑢𝑟+1 − 𝑠‖ ≤ (1 − 𝑚)2(1 − 𝑚𝜏𝑟)‖𝑢𝑟 − 𝑠‖ 

‖𝑢𝑟 − 𝑠‖ ≤ (1 − 𝑚)2(1 − 𝑚𝜏𝑟−1)‖𝑢𝑟−1 − 𝑠‖ 

‖𝑢𝑟−1 − 𝑠‖ ≤ (1 − 𝑚)2(1 − 𝑚𝜏𝑟−2)‖𝑢𝑟−2 − 𝑠‖………by applying similar argument we achieve   

‖𝑢1 − 𝑠‖ ≤ (1 − 𝑚)2(1 − 𝑚𝜏0)‖𝑢0 − 𝑠‖ 

Thus,                                     ‖𝑢𝑟+1 − 𝑠‖ ≤ (1 − 𝑚)2(𝑟+1)‖𝑢0 − 𝑠‖∏𝑘=0
𝑛 (1 − 𝑚𝜏0) 

Hence, the required inequality. 

Limiting case: But, 𝜏𝑟 ∈ [0, 1] ∀ 𝑟 ∈ 𝑁, 𝑚 ∈ [0, 1). Now, applying the limiting criteria 𝑛 approaches to 

∞. We achieve lim
𝑟→∞

‖𝑢𝑟+1 − 𝑠‖ = 0, from the above inequality and hence, {𝑢𝑟}𝑟=0
∞  converges to a fixed 

point 𝑠 of 𝑇.         
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Theorem 2.2 Let 𝐾 be a closed, convex subset of a real normed linear space 𝑋 and 𝑇 be a self and 

contraction mapping on 𝐾 satisfying the criterion ‖𝑇𝑢 − 𝑇𝑣‖ ≤
𝜓‖𝑢−𝑇𝑢‖+𝑏‖𝑢−𝑣‖

1+𝑘‖𝑢−𝑇𝑢‖
. Let {𝑢𝑟}𝑟=0

∞  be the 

sequence generated by the iterative processes   

𝑢𝑟+1 = 𝑇 (
𝑢𝑟+𝑣𝑟

2
) ,

              𝑣𝑟 = (1 − 𝜏𝑟)𝑢𝑛 + 𝜏𝑟𝑇 (
𝑢𝑟+𝑣𝑟

2
) ,

} 𝑢0is the initial approximation such that 𝑢0 ∈ 𝐾 and {𝜏𝑟}𝑟=0
∞ ∈

[0, 1]. Also,   

 

𝑢𝑟+1 = 𝑇 (
𝑢𝑟+𝑣𝑟

2
) ,

              𝑣𝑟 = (1 − 𝛿)𝑢𝑟 + 𝛿𝑇 (
𝑢𝑟+𝑣𝑟

2
) ,

} 𝑢0is the initial approximation such that 𝑢0 ∈ 𝐾 and 𝛿 ∈ [0, 1]  

respectively with sequence {𝑤𝑟}𝑟=0
∞ ∈ [0, 1]. Then show that the inequality   

‖𝑢𝑟+1 − 𝑠‖ ≤ (
𝜌

2
)

𝑟+1

‖𝑢𝑟 − 𝑠‖∏𝑖=0
𝑟+1 {1 +

1 − 𝜏𝑟 + 𝜏𝑟
𝜌
2

1 − 𝜏𝑟
𝜌
2

} 

Proof: Suppose that𝑠 be the fixed point of the mapping 𝑇. Then by using the first iterative process, we 

have  

‖𝑢𝑟 − 𝑠‖ = ‖
𝑢𝑟 + 𝑣𝑟

2
− 𝑠‖ ≤ ‖

𝑢𝑟 + 𝑣𝑟

2
− 𝑠‖ ≤

𝜌

2
‖𝑢𝑟 − 𝑠‖ +

𝜌

2
‖𝑣𝑟 − 𝑠‖ 

 

Now,           ‖𝑣𝑟 − 𝑠‖ = ‖(1 − 𝑤𝑟)𝑢𝑟 + 𝜏𝑟𝑇 (
𝑢𝑟+𝑣𝑟

2
) − 𝑠‖ 

≤ (1 − 𝜏𝑟)‖𝑢𝑟 − 𝑠‖ + 𝜏𝑟 ‖𝑇 (
𝑢𝑟 + 𝑣𝑟

2
) − 𝑠‖ 

≤ (1 − 𝜏𝑟)‖𝑢𝑟 − 𝑠‖ + 𝜏𝑟𝜌 ‖𝑇 (
𝑢𝑟 + 𝑣𝑟

2
) − 𝑠‖ 

≤ (1 − 𝜏𝑟)‖𝑢𝑟 − 𝑠‖ + 𝜏𝑟

𝜌

2
‖𝑢𝑟 − 𝑠‖ + 𝜏𝑟

𝜌

2
‖𝑣𝑟 − 𝑠‖ 

𝑖. 𝑒. (1 − 𝜏𝑟

𝜌

2
) ‖𝑣𝑟 − 𝑠‖ ≤ ‖𝑢𝑟 − 𝑠‖ + 𝜏𝑟‖𝑢𝑟 − 𝑠‖ + 𝜏𝑟

𝜌

2
‖𝑢𝑟 − 𝑠‖ 

𝑖. 𝑒. ‖𝑢𝑟+1 − 𝑠‖ ≤
𝜌

2
{1 +

1 − 𝜏𝑟 + 𝜏𝑟
𝜌
2

1 − 𝜏𝑟
𝜌
2

} ‖𝑢𝑟 − 𝑠‖ 
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in the same manner we can claim ‖𝑢𝑟 − 𝑠‖ ≤
𝜌

2
{1 +

1−𝜏𝑟+𝜏𝑟
𝜌

2

1−𝜏𝑟
𝜌

2

} ‖𝑢𝑟−1 − 𝑠‖ … and hence the last normed 

linear factor will be ‖𝑢1 − 𝑠‖ and which is less than or equal to 
𝜌

2
{1 +

1−𝜏𝑟+𝜏𝑟
𝜌

2

1−𝜏𝑟
𝜌

2

} ‖𝑢0 − 𝑠‖. combining all 

inequalities, we get ‖𝑢𝑟+1 − 𝑠‖ ≤ (
𝜌

2
)

𝑟+1
‖𝑢𝑟 − 𝑠‖∏𝑖=0

𝑟+1 {1 +
1−𝜏𝑟+𝜏𝑟

𝜌

2

1−𝜏𝑟
𝜌

2

} .This completes the proof. 

Limiting case: Now, Applying the limiting criteria 𝑛 approaches to ∞. We achieve lim
𝑟→∞

‖𝑢𝑟+1 − 𝑠‖ = 0, 

from the above inequality and hence, {𝑢𝑟}𝑟=0
∞  converges to a fixed point 𝑠 of 𝑇. 

Example 2.3 Assuming 𝑇(𝑢) =
𝑢

2
, let 𝐾 and 𝑇: 𝐾 → 𝐾 be a contraction mapping. Consider the following 

iteration methods with the initial approximations 𝑢0 = 0.1and {𝜏𝑟} =
1

2
 :  

𝑢𝑟+1 = 𝑇 (
𝑢𝑟+𝑣𝑟

2
) ,

              𝑣𝑟 = (1 − 𝜏𝑟)𝑢𝑛 + 𝜏𝑟𝑇 (
𝑢𝑟+𝑣𝑟

2
) ,

} 𝑢0is the initial approximation such that 𝑢0 ∈ 𝐾 and {𝜏𝑟}𝑟=0
∞ ∈

[0, 1]. Also,   

 

𝑢𝑟+1 = 𝑇 (
𝑢𝑟+𝑣𝑟

2
) ,

              𝑣𝑟 = (1 − 𝛿)𝑢𝑟 + 𝛿𝑇 (
𝑢𝑟+𝑣𝑟

2
) ,

} 𝑢0is the initial approximation such that 𝑢0 ∈ 𝐾 and 𝛿 ∈ [0, 1]  

 

respectively with sequence {𝑤𝑟}𝑟=0
∞ ∈ [0, 1].We notice that, for both iterative techniques, {𝑢𝑟} converges 

at zero in the 28𝑡ℎ approximation, indicating an equivalent rate of convergence. 

Theorem 2.4Let 𝐾 be a non-empty, closed and convex subset of uniform convex Banach space (UCBS) 

𝑋. Also 𝑇 be a non-expansive self mapping on 𝐾 and {𝑢𝑟} be a sequence defined such that 

𝑢𝑟+1 = (1 − 𝜃𝑟)𝑇𝑣𝑟 + 𝜃𝑟𝑇𝑤𝑟

𝑣𝑟 = (1 − 𝜑𝑟)𝑤𝑟 + 𝜑𝑟𝑇𝑤𝑟

𝑤𝑟 = (1 − 𝜔𝑟)𝑢𝑟 + 𝜔𝑟𝑇𝑢𝑟

} where {𝜃𝑟}, {𝜑𝑟} and {𝜔𝑟} are real sequence in (0, 1). Also, 𝐹(𝑇) ≠ ∅.  

Then show that the inequality ‖𝑆𝑛,𝑚𝑥 − 𝑆𝑛,𝑚𝑦‖ ≤ [∏ 𝐿𝑗𝑗=𝑛

𝑛+𝑚−1
] [‖𝑥 − 𝑦‖ + ∑ 𝜌𝑖

𝑛+𝑚−1
𝑖=𝑛 ]∀ 𝑥, 𝑦 ∈ 𝐶.     

Proof: Letting, lim
𝑟→∞

‖𝑢𝑟 − 𝑠‖ = 𝑐and limsup
𝑟→∞

‖𝑣𝑟 − 𝑠‖ ≤ 𝑐, limsup
𝑟→∞

‖𝑤𝑟 − 𝑠‖ ≤ 𝑐. Here, 𝑇 be a non-

expansive self-mapping on 𝐾. So, ‖𝑇𝑢𝑟 − 𝑠‖ ≤ ‖𝑢𝑟 − 𝑠‖, ‖𝑇𝑣𝑟 − 𝑠‖ ≤ ‖𝑢𝑟 − 𝑠‖, and ‖𝑇𝑤𝑟 − 𝑠‖ ≤

‖𝑢𝑟 − 𝑠‖. Taking limsup on both sides, we achieve the results limsup
𝑟→∞

‖𝑇𝑢𝑟 − 𝑠‖ ≤ 𝑐, limsup
𝑟→∞

‖𝑇𝑣𝑟 −

𝑠‖ ≤ 𝑐, and limsup
𝑟→∞

‖𝑇𝑤𝑟 − 𝑠‖ ≤ 𝑐.      

Since 𝑐 = lim
𝑟→∞

‖𝑢𝑟+1 − 𝑠‖ = lim
𝑟→∞

‖(1 − 𝜃𝑟)𝑇𝑣𝑟 + 𝜃𝑟𝑇𝑤𝑟 − 𝑠‖ 

Ofcourse, we can modify the iteration scheme 

𝑐 = lim
𝑟→∞

‖𝑢𝑟+1 − 𝑠‖ = lim
𝑟→∞

‖(1 − 𝜃𝑟)𝑇𝑤𝑟 + 𝜃𝑟𝑇𝑣𝑟 − 𝑠‖ 
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≤ lim
𝑟→∞

‖(1 − 𝜃𝑟)(𝑇𝑤𝑟 − 𝑠) + 𝜃𝑟(𝑇𝑣𝑟 − 𝑠)‖ 

≤ lim
𝑟→∞

[(1 − 𝜃𝑟)‖𝑇𝑤𝑟 − 𝑠‖ + 𝜃𝑟‖(𝑇𝑣𝑟 − 𝑠)‖] 

≤ lim
𝑟→∞

[(1 − 𝜃𝑟)‖𝑇𝑢𝑟 − 𝑠‖ + 𝜃𝑟‖(𝑇𝑢𝑟 − 𝑠)‖] 

= lim
𝑟→∞

‖𝑇𝑢𝑟 − 𝑠‖ 

But, lim
𝑟→∞

‖𝑇𝑤𝑟 − 𝑇𝑣𝑟‖ = 0 

 Now, ‖𝑢𝑟+1 − 𝑠‖ = ‖(1 − 𝜃𝑟)𝑇𝑤𝑟 + 𝜃𝑟𝑇𝑣𝑟 − 𝑠‖ ≤ ‖𝑇𝑤𝑟 − 𝑠‖ + 𝜃𝑟‖𝑇𝑤𝑟 − 𝑇𝑣𝑟‖ 

Hence, 𝑐 ≤ lim
𝑛→∞

inf‖𝑇𝑤𝑟 − 𝑠‖ 

Thus, lim
𝑛→∞

‖𝑇𝑤𝑟 − 𝑠‖ = 𝑐 

On the other hand, we have 

‖𝑇𝑤𝑟 − 𝑠‖ ≤ ‖𝑇𝑤𝑟 − 𝑇𝑣𝑟‖ + ‖𝑇𝑣𝑟 − 𝑠‖ ≤ ‖𝑇𝑤𝑟 − 𝑇𝑣𝑟‖ + ‖𝑣𝑟 − 𝑠‖ 

and this gives us 𝑐 ≤ lim
𝑛→∞

inf‖𝑣𝑟 − 𝑠‖ 

lim
𝑛→∞

‖𝑣𝑟 − 𝑠‖ = 𝑐 

Using lemma 1.6, we get  lim
𝑛→∞

‖𝑤𝑟 − 𝑇𝑤𝑟‖ = 0 

Since, ‖𝑣𝑟 − 𝑠‖ ≤ ‖𝑤𝑟 − 𝑠‖ + 𝜑𝑟‖𝑇𝑤𝑟 − 𝑤𝑟‖ 

we write, 𝑐 ≤ lim
𝑛→∞

sup‖𝑤𝑟 − 𝑠‖ 

then, ‖𝑤𝑟 − 𝑠‖ = 𝑐 so, 𝑐 = lim
𝑛→∞

‖𝑤𝑟 − 𝑠‖ 

= lim
𝑛→∞

‖(1 − 𝜃𝑟)𝑢𝑟 + 𝜃𝑟𝑇𝑢𝑟 − 𝑠‖ 

= lim
𝑛→∞

‖(1 − 𝜃𝑟)(𝑢𝑟 − 𝑠) + 𝜃𝑟(𝑇𝑢𝑟 − 𝑠)‖ 

Now, setting 𝑎𝑟(𝑡) = ‖𝑡𝑢𝑟 + (1 − 𝑡)𝑣1 − 𝑣2‖, 𝑛 ∈ 𝑁 then 𝑎𝑟(0) = lim
𝑟→∞

‖𝑣1 − 𝑣2‖ and 

𝑎𝑟(1) = lim
𝑟→∞

‖𝑢𝑟 − 𝑣2‖ exists. Hence, it is  sufficient to show that the above expression is true for 𝑡 ∈

(0, 1).  

Taking 𝑆𝑛,𝑚 = 𝐺𝑛,𝑚𝐺𝑛+𝑚−2 … 𝐺𝑛 ∀ 𝑛, 𝑚 ∈ 𝑁. Then, 𝑢𝑛+𝑚 = 𝑆𝑛,𝑚𝑢𝑛,, 𝑆𝑛,𝑚𝑣 = 𝑣 ∀  ∩𝑛∈𝑁 𝐹(𝐺𝑛) and 

‖𝑆𝑛,𝑚𝑢 − 𝑆𝑛,𝑚𝑣‖ ≤ [∏ 𝐿𝑗𝑗=𝑛

𝑛+𝑚−1
] [‖𝑢 − 𝑣‖ + ∑ 𝜌𝑖

𝑛+𝑚−1
𝑖=𝑛 ]∀ 𝑢, 𝑣 ∈ 𝐾 andthis is our desired inequality.  

Limiting case: and by Lemma 1.6, we achieve lim
𝑟→∞

‖𝑢𝑟 − 𝑇𝑢𝑟‖ = 0. 
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Example 2.5 Suppose 𝐾 = [1, 50]and 𝑋 = 𝑅. Let 𝑇: 𝐾 → 𝐾 be a mapping with the definition given by 

𝑇(𝑢) = √𝑢2 − 9𝑢 + 54 for all 𝑢 ∈ 𝐾. Select 𝜃𝑟 = 𝜑𝑟 = 𝜔𝑟 =
3

4
, with 𝑢1 = 30 as the beginning value. 

Then, using the aforementionediteration methods, we see that, in the 41𝑠𝑡 approximation, {𝑢𝑟} converges 

at 6, for both iterative schemes, indicating an identical rate of convergence. 
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