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ABSTRACT

In this article, we consider the self-similar generalized Cantor setCn({i}):Cn({il’”i'}), and we

u(E)=2 Y u(e(E))

establish the existence of probability true measure K such that S je0rs1

generated bnd({i}). The Holder order & of the set C”({i}) is Iogn(s) and we establish that
1

(éa(ﬂ’x))_a+n2(Qa(ﬂ’X))_a:S(il+iln)for all not finite n-adicxecn({il""’i'})'

Transcendental numbers, such as € and 7are a mathematical expression of nature, we introduce the
transcendental Cantor set generated by transcendental numbers, which can be defined by

c"(¢)=limC,= (] C, (.}
k=01, , Where the sequence kJ"is non-increasing and corresponds with the

transcendental number 5, for such a set, we consider an analog of the Cantor function.

Keywords: transcendental number, Cantor set, Cantor function, fractal, irregular Cantor set, Holder
continuity.

INTRODUCTION

In recent years there have been several variants of generalization of the Cantor sets [4, 16], the best-
known example of such generalization of the Cantor ternary set is the Smith-Volterra-Cantor sets [4],
which presents the nowhere-dense self-similar set with positive Lebesgue measure. All iterations in the
construction of the Smith-Volterra-Cantor set are self-similar, namely, each step generates the next steps
so that each subinterval is divided in the same ratio. A singular function constructed on the Smith-
Volterra-Cantor set, similar to the Cantor function, is Lipshitz on its domain.
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In this paper, we develop two ways of generalization of self-similar sets, the first is we consider Cantors

sets = ({'}) =C ({'1’ o h }) with an arbitrary base, for such sets we establish that there exists a uniquely
1

-1
ﬂ(E)Zg. > u(p*(E))
defined probabilistic measure H defined by j=0,.,s-1 for all Borel sets E and
consider point wise densities for their measure generalized classical results of De-Jun Feng; the second
we construct the irregular or transcendental Cantor set generated by the number €, which we denote by
3 2\_ 1 _
C*(10%) C*(10%¢)=limC, = [ C,

: C.t .
such set can be presented as k=01,.. , Where the collection { k} is a

sequence of non-increasing sets corresponded to the number €. For the irregular Cantor sets, we
construct the functions analogous to Smith-Volterra-Cantor functions.

GENERAL IZED CANTOR FUNCTION ©:10.1]—[0.1]

Let Xe[O,l]cR

an infinite series

then for each natural number N there exists a unique expansion of X in the form of

Definition 1 The generalized Cantor set C"({i})=C"({i,...i}) consists of all real numbers

X e [O, 1], which remain after the removal of all open intervals

bl M (5
n n n n n n n n

Or the generalized Cantor set C" ({l}) consists of all real numbers x [0,1] the n- expansion of

| Al o _
which can be written X= Z oK without a set {i,,,,ij} of numbersi, €{0,1,...,n-1},

j=1,...1.

Let x €[0, 1] be expressed in base n, we define the Cantor function G:[0,1] —[0,1] by

kL., ©
forall xeC"({i})=C"({i,...i,}), where b (x)=j(a,) defined by
(0,10 iy =1, i, +1,.e iy =1,y +1,.., N=1} {0, 1,..., -1

for all a, (x) such that xeC"({i}), and
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G(x)=sup{G(y), yeC"({i})}

y<x

For all x [0, 1]\C" ({i}) this definition is correct sinces =n—I.
Theorem1. For all x, y €[0,1], the Holder condition for the generalized Cantor function G given
by

[G(x)-G(y)| <clx-y*

Holds with the best possible constant« =log, (s)

THE CUMULATIVE PROBABILITY DISTRIBUTION FUNCTION

For a given general Cantor set C" ({l}) we define a set {(01-, 1=0,.., S—l} of functions defined by

1
(POZHX'
p+1 1
= +—X,
n n
_h+1 1
s—1 n n
Defined for all x e R
Example In cases C*({0}) andC*({2}), we have
=373 T3
and
1 1
(/)0=§X, §01:§+_X

Theorem2.For any given general Cantor set C”({il,...,il}) there exists a uniquely defined

probability true measure 4 such that
1 _
u(E)=3 3 u(o(E))
j=0,.,5-1
for all Borel sets E. For all continuous functions g : R — R, the following equality
1
Jo)du()=2 3 Jo(,(x)du(x)
E j=0,.,s-1E
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For all Borel sets E.
The proof of this theorem is based on the idea that, for all Borel sets E € R and any measure 7eM,
since mapping Y:M — M given by

Yn)(E)=; T ulo(E)

=0,..,s-1

IS contractive transformation on M, the mapping Y:M — M has a unique fixed point, namely, the

measure 4 €M such that Y ()=, such measure /¢ satisfies the identity

Jo(du()=; 3 Jolo,(x)u(x)

j=0,.,s-1E

for all continuous functions g: R — R.
LOWER AND UPPER DENSITIES OF THE GENERALIZED CANTOR
FUNCTION

The lower and upper ¥ -densities of the measure 4 at a point x is defined by

7 (1, x) = limint SN =C0x=h)
h—0 ‘Zh‘y

And
G(x+h)-G(x-h)
j2h’

0 (4 X)=limsup

Where the function G (x) is an extension of the generalized Cantor function given by

0, x<0
G(x)=1G(x), 0<x<1
1, 1<x

The common value 0 (,u, X) =0 (,u, X) , When such exists, is called the ) -density of the measure 4 at

X.
Definition 2. For x €[0, 1], we define a pair of functions 7(x) and z(x) by
B . a.; (x)
=1 f —lr s
7(x) limin k; -
and
7(x)=min{#(x), #(1-x)}.
Definition 3. We introduce transformation

158
AJMS/Oct-Dec 2023/VVolume 7/1ssue 4



TRANSCENDENTAL CANTOR SETS AND TRANSCENDENTAL CANTOR FUNCTIONS

@:C" ({iysornri}) > C" ({iyniy})

by

Theorem 3. Let C"({i}) be generalized Cantor set and let x C" ({i}) then

0" (x)=(si, —snz(x))"

and
s “ xisan-finite

00{ ’ — - —-a

B (ﬂ X) (MJ otherwise;
For all not finite n- adicx eC" ({i,,...,i,}) we have

= 1
(0 () “ 02 (@ () = =503 +im).

Proof.

——

First, we show that assumeXE[O, n_l] and MaxjiX, n_l—X} <t<1-X then we obtain
p([x=t, x+t])=(st)" (si, —snx) .
. [ )
indeed, if Max [, n” =X} <t<1=X then [0, =[x, x+1]

SO
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u([x=t, x+t]) o1

(st) ~s(st)”

> (i, —snx) "

iI
if ——X<r<1-X then
n

Si_l_f_s_ara 87_1
y([x—t, x+t]) . s s

(st)* - a(s—l T a(s—l j
sl 2T ox+r | s7| 2T —x
s s

where we used the following estimation

%S,u([o,t])ﬁt“

holds for eacht € [0, l] .

Therefore, for each xeC"({i}) and all tE(O, n_l), we can choose the sequence {jy| such that

1

X= Iim(oh O"'O(DJK ([0’1])’ we take y :lm((oh O"'O(DJ'H )71(X) so that y:(¢h O"'O(Djm )_ (X) and

k—>00

y =0 (X) where mapping @ is the k —1-th iteration of mapping @ . Therefore, we have

(74 000,.) ([x=t x+t]) <[y =T, y+1]
for all f =t So, we have u([x—t, x+t])=n"""4([y—f, y+]) hence
(et )yt y 1)
since y=®!(x) and 1-y =®"*(1-X) we have

jiming “ - 0)
0 (st)”

>

vV

> (siI —sn(min {Iirknjgf D (x), liminf D (1- x)}))a -

(si,—snz(x))

that proves the theorem.

IRREGULAR OR TRANSSENDERNTAL CANTOR SETS
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In this chapter, we introduce new class sets, which are uncountable, compact, perfect, and totally
disconnected. Such sets are closely related to the Cantor and Smith-Volterra sets, however, their nature is
completely different from the regular fractal sets, so we will call this class irregular fractals.
As direct corollaries of the Hermite-Weierstrass theorem, we obtain that the numbers € and 7 are
transcendental, and we write expansions of € and 7

102 =2x107+7x10° +1x10™* +8x10° +2x10° +8x107 +1x10° +...
and

1077 =3x107% +1x10° +4x10* +1x10° +5x10° +9x107 +2x10° +...,
By using the transcendental number €, we construct the irregular Cantor sets from the unit compact

interval C, = [O, 1] by performing the recursive process: the first iteration consists of the removal of the

: 1 2 1
open interval | —— >, =+ 5
2 2x10° 2 2x10

C1:|:O’1_ 2 2:|U|:1+L2,1:‘,
2 2x10 2 2x10

the second iteration is removing the subintervals of the common width 7%10° from the middle of each

) from the interval [0, 1] so that the remaining set is

of the two remaining intervals, so for the second step we leave the set

C, = O’E(l_ 2 2j_ ! 3 |V
2\ 2 2x10 4x10

‘1(1 2 j 7 1 2
Ul =| =— > |+ T o~ > |V
' 2{2 2x10 4x10%'2 2x10

1 2 1/1 2 7
U =+ s l——| =+ > | = T |V
|2 2x10 22 2x10 4x10

[o1(1 2 7 _
Ull-——| =+ > |+ 51
| 212 2x10 4x10

employing expansions of the number €, we continue the process indefinitely and obtain a sequence

{C,} of non-increasing sets C, such that C, >C,,,, the set of points, that remain after infinite numbers

of iterations, is called the irregular Cantor set generated by the number € and denoted by Cg(lo_ze).

. 3(102a) — 1 _
We can write C (10 e)—MJOCk = ﬂ C, .
k=01,..,
Applying a similar process for the expansion of the number 7, we obtain the irregular Cantor set

generated by the number 7 and denoted by C° (10_27Z).

From the definitions, we have that
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# (C*(107%€))=1-10"¢

and

n (C3 (10_27z)) =1-10"r.

The coefficient is a 107 is not important we can use any suitable coefficient, which guarantees the

correctness of the iteration process.

The irregular Cantor sets C3(10_Ze) and C3(10‘27z) are similar to the ternary Cantor set in the sense
that we are removing the part of the middle sets at each step of the iteration process, however, the nature
of irregular sets is different from classical Cantor and Smith-Volterra-Cantor since they are regular in the
sense that K -iteration depends systematic on K —1-iteration, on the contrary, the width of removed
intervals in the irregular set is prescribed by the nature of the generated number is unregular.

The interior of the irregular Cantor set is empty, namely, it does not contain any interval, which is open in

the standard topology of the real line. The irregular Cantor sets are not self-similar since, at each step of
the iteration, the set of numbers fed by expansion

10%e =2x10% +7x10° +1x10* +8x10° + 2x10° +8x107 +1x10® +... is unique.

PROPERTIES OF IRREGULAR CANTOR SETS AND IRREGULAR CANTOR
FUNCTIONS

The irregular Cantor sets are uncountable, closed,and totally disconnected, with uniquely defined
Lebesgue measure 4 (Cn (5))=10_2§ for the irregular Cantor set C’ (f) generated by the number &,

where the number n determines the base as was explained earlier. The proofs of these statements are

similar to proofs for the classical Cantor set.
Based on the irregular Cantor set C® (10_26), we define the irregular Cantor function F 2[0, 1] —>[0, 1]

by iteration procedure as follows:

0 iIf x<0,

1 1 2 1 2
F(x)=9= If xe|=- , =+ :
1(X)=13 6(2 %107 2 2x102j
1 if 1<x,
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0 if x<0,

) 1/1 2 7 11 2 7
if xe|l=|=- = | = A e > |+ Al
2\ 2 2x10 4x10° 2\ 2 2x10 4x10
1 2 1 2 j
- 1_+ y
2 2x10%°°2 2x10?
) 1/1 2 7 11 2 7
if xell-=| =+ = = sl =+ > |+ 7 |
2\ 2 2x10 4x10 2\ 2 2x10 4x10
if 1<x,

1

4
Fz(x):% if xe

3

4

1

et cetera for all X< [0,1]\C’ (10_29), and, by continuity, we put function irregular Cantor function F
linear on C° (10‘26).
The irregular Cantor function F :[0,1]—[0,1] is a continuous monotone function, therefore, there

exists the derivative F' of F for Lebesgue almost all XG[O, 1]. We have F'(X)=0 for all

[0.1\C*(107€) and F'(X)=const for all [0,1]\[C3(1029)U{ U fk}U{O,l}], where points

k=12,....
& are points of division such as
1(1 2 7 1(1 2 7 1 2 - ,
o = |— oo = = |+ T 5. At each division point,
212 2x10 4x10° 2\ 2 2x10 4x10° 2 2x10

there are two derivative numbers: one equals zero, and the second is a positive constant.
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