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ABSTRACT

In an earlier paper in 2017, Rastogi and Bajpail'! defined and studied a special vector field of the first kind
in a Finsler space as follows:

Definition 1: A vector field X(x), in a Finsler space, is said to be a special vector field of the first kind,
if (i) X', = - 8' and (ii) X' h; = ©,, where ©, is a non-zero vector field in the given Finsler space.

In 2019, some more special vector fields in a Finsler space of two and three dimensions have been defined
and studied by the authors Dwivedi ef al.?! and Dwivedi et al.®! In Dwivedi et al.*, the authors defined
and studied six kinds of special vector fields in a Finsler space of three dimensions and, respectively,
called them special vector fields of the second, third, fourth, fifth, sixth, and seventh kind. In the present
paper, we shall study some curvature properties of special vector fields of the first and seventh kind in a
Finsler space of three dimensions.
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INTRODUCTION

Let F3, be a three-dimensional Finsler space, with metric function L(x,y), metric tensor g; = 1 l +m,
m +nn and angular metric tensor hJ m mJ +nn, where I = A L and A, = 0/0y', while m and’ n, are
vectors orthogonal to each other Matsumoto.™ The forsion tensor AJ =L C =(L2) A, g The h- and
v-covariant derivatives of a tensor field T' (x,y) are defined as Matsumoto:
T, =6, T, -N" A T +T"F —T F" (1.1)
and
T, =AT +TC  -T C" (1.2)

where, 0, = 0/0x* and other terms have their usual meanings Matsumoto.
Corresponding to h- and v-covariant derivatives, in F*, we have:
li/j =0, m, =n, hj, n, =-m, hj, (1.3)
and
ll/J—L h, ml//J—L1(1m+nV) n//J—-L1(1n+mV) (1.4)
where, h and v, are respectively 'h- and v-connection vectors in F2. Furthermore,

Cuk C,ym, m, m, Z(Ijk){C(z)m mn —C, mnn o TCu 1, nn (1.5)
Corresponding to these covarlant derivatives, we have followmg
Tl]/k//h le//h/k - Trj Plrkh Tlr Prj - le/l‘ Cr - le//r Prkh (1 '6)
and
T jllk//h le//h//k - Tr Sl Tl Sr _ Tl_]//r Sr (1.7)

where, P and S', are, respectively, the second and thlrd curvature tensors of F3, Rund.?
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PROPERTIES OF SPECIAL VECTOR FIELD OF THE FIRST KIND RELATED WITH
THE SECOND CURVATURE TENSOR

In F3, we assume

Xi(x)=Al'+Bm' +Dnl, (2.1)
where, A, B, and D are scalars satisfying X'l = A, X' m. = B,and X' n_ = D such that for X' i Sij, we get
A,=-1,B,=Dh-m D =-(Bh+n) 2.2)

and
AJ—L‘I(Bm+Dn)
B, —(C()B C, ,D L A)m +(C, D-C, B)n+L Dyv,
D, (C(3) (2)B)m+(C B+C,D- LlA)l’l—LlBV (2.3)
From definition 1., we can obtalne Bm +Dn e/k h Furthermore we get
—(C(I)B C D)mm+(C()B+C()D)nn
D-C, B)(rnn+mn) L‘(Ah +19) (2.4)

J//r

+(C
These equations help us to give

3)

©,,=L'(Lh +1h) (2.5)

ik
and

{(C(l)/k +3 C(s) hk) B- (C(Z)/k (C(l) -2 C(3)) hk)

-C,m +C,n}mm+{C,, -3C, hk)B

+(Cp 13 G, h) C(3) m, C ,n } nn +{(C,,-3C, h)D

—(Cp T 2C, )h)B+C Cyn )} (myn +mn)

+L1(1h +1h) (2.6)

Using Equations (1.6), (2.5), and (2.6) on simpliﬁcation, we obtain
o P, +6, P -{(C,, T3C,h) B
(C(l) (3>) h, ) Djmm {(C<3)/k Co by
+3C, h)D}nn {(C3/k C, h)D
+(2C )h)B} (rnn+m n) 0. (2.7)

J//I‘/k

2)/k (1)

( 2)/k )B
+ (C

)k

( )k (I)

Hence:

Theorem 2.1

In a three-dimensional Finsler space F?, for a special vector field of the first kind, the second curvature
tensor P!, satisfies Equation (2.7).

PROPERTIES OF SPECIAL VECTOR FIELDS OF THE FIRST KIND RELATED WITH
THE THIRD CURVATURE TENSOR

From Equation (2.4), we can get on simplification
ej//r//k = B{C(l)//k m m, + C(3)/n< J n - (2)//k(m n + m, nj)}

(2)//k nn - C(2)//k m, m, C(3)//k (rn n + m, nj)}

{C(w m,+C,, nj n, - Co(myn, + m, n,);}
{C n, n C(z) mf. m +C (mj n +m nj)}
+ mm({(C ])B 'c ® D L*A)m_+ (C(3) D-C, B)n }
n//k{(C(3) B+C, —~L'"A)n + (O D C ,B)m }
+m, {(C, B- C2 D L! A)m +(C, (2) B)n}
+nr//k{(C B+C ,D— L'A)n +(C(3) Co, B)m}
+L'2{1k(Ahjr+1j Gr) LA, h h ©,-LIL 6//k} (3.1)
Using Equations (1. 7) and (3.1), after some lengthy calculatlon we can obtain
[B{(C(Wr +2L1C, v)m lm (Cppe 2L Cpy v) mny
oM (I m +vn)-L C , m, (ILn +m v)+(C
—-3L'C,v)nn —(C,, +

(C 2C 2-C 2)n)n.m
+L!C (Ln +m v)n - Ll((C

(k 1)

(1) 3)
3 ) Vr +C

©N (1) @
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—LGn m +Lll 1 m}+D{(C
(C

3) //r -3 L_lc(z) A +L7 C(3) lr)
2)Jr L?)n —L((2 Cy-Cy) v, tCy 1) m m
o~ 2LC, V +L1Cy Dnm +(C, +LT3C, v,
1) n +L° ! (C nmv, — L'llj L n)} —L?A{(l n_+ mr Vk) m,
—( n —v mk) nj}] +Oe 8, 6, S =0. (3.2)

( )/n 1 (3)

(2)

Hence:

Theorem 3.1

In a three-dimensional Finsler space F?, for a special vector field of the first kind, the third curvature
tensor S‘jkr satisfies Equation (3.2).

PROPERTIES OF SPECIAL VECTOR FIELD OF THE SEVENTH KIND

The special vector field of the seventh kind is defined as follows:!*!

Definition 2

A vector field Xi(x), satisfying 1) Xi =- 8iJ and X' Y, =Y, where Y, is a non-zero vector field in F? and
Y, =mn-—mn, is a tensor field, is called special vector ﬁeld of the seventh kind.
From th1s deﬁn1t10n we can observe that

Y,=Bn-Dm,Y, =Y, 4.1
and
Y = =(C,B-C,D)m, n — (Cy;B+C, D) m; n, + LA (mj n_—m nj)
- l Y )+ (C(3) D-C, B)(n n —mm,) (4.2)
From Equation (4.1), we can obtain
Y= L"(lj Y, tLY) (4.3)

while from Equation (4.2), we get
={CB-C,, D+C (Dh —m)+C,Bh +n)im n,

(1)/k @)k

,B- C D)(n n —m, m)h + {C(m« B+ C(M D

J//r/k

(3)(Dh m) C(zo)(Bhk+nk)}mjnr+(C(3)B+C D).
(nn—mm)h + L1 {l(mn—m n)+erk} {C(B)/k
-C(m( (3)(Bh +n)— C (Dh m)}(nn—mm)
+2(C; D - C B)(mn+m n)h (4.4)

Equations (4.3) and (4.4) with the help of Equation (l .6) lead to
B[(C )mn (C, +3C )mn

@Yk (2) k ()/k @ Tk
+{C +(2C )h}(nn—mm)]
+D[{C(2)/k (2 C(S) C )h } m n, + (C(M (3) h) m, n,
(C(3)/k (2) k)(nJ nr m, mr)] m {C(z) (n n —m, m)

omn+C, mn}+n {C (nn—mjmr)

-C, ( nj + mj nr)} +Y, P +YJ//t Pt =0. (4.5)
Hence:
Theorem 4.1

In a three-dimensional Finsler space F?, for a special vector field of the seventh kind, the second curvature
tensor satisfies Equation (4.5).
From Equation (4.2), we can get

Yj//k//r - mj[ {C(Z)//r B - C(3)// D+ C B C(s) D//r)mk + (C(z) B - C(s) D).
L"(-lk m +n v)}—{C 3)//rB C(M D-L'(B mr+Dnr)+L'2Alr
+ C(a) B, + C(z) D )} n + (C(3) B+ C D L'A)L'(I n_+m, v)]
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+n[{(C,,B-C,, D+C,B, -C,D, +L?Al
—L2(Bm +Dn)} m +L"(-1, m+n v)(C,, B- C, D- L'A)
(C(3)//rD C(2// B+ C(s) (2) B//)n l(c D C )
(I, n +m_ V)]+L1(1m+n vH(C, (3)D)m (C
+C, DLIA)n} Ll(ln+mv){(C B-C,D- LIA)m
+(C,, D-C, B)nk}+L2Y(ll—h) LY,

which by virtue of Equation (1 7) after some lengthy calculatlon leads to

Yt Stjkr [m m <{]31(C(2)//r (C(z) - ( 2) n — 1(C + C(z)) V)
- D(C(3)//r (2) V) L AC() } nn {B(ng)//r o (CS (3))m
+219C, V)+D(C(3)//r (Cort Cuhm ~LIC, v)HLTAC, m)
erJ n {B(C(z) 0 (3))m C(3)//+ Lt m +L 1(C +3 C(z)) V)
+D(C,, +2C, C()m—L LI(C, -3C, )V)+L AC, m}
- m, 1, {B(Cuwr (2)(C(1> (3)) n) + D(C(z)//r (Co’ *+C C(3>) n,
—L1C V) —LTAC, n} - L1 1Cq b, +Cy(mn +m n)}]=
Hence:
Theorem 4.2

(4.6)

(4.7)

In a three-dimensional Finsler space, for a special vector field of the seventh kind, the third curvature

tensor S, satisfies Equation (4.7).
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