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ABSTRACT
In an earlier paper in 2017, Rastogi and Bajpai[1] defined and studied a special vector field of the first kind 
in a Finsler space as follows:

Definition 1: A vector field Xi(x), in a Finsler space, is said to be a special vector field of the first kind, 
if (i) Xi

/j = - δi
j and (ii) Xi hij = Ɵj, where Ɵj is a non-zero vector field in the given Finsler space.

In 2019, some more special vector fields in a Finsler space of two and three dimensions have been defined 
and studied by the authors Dwivedi et al.[2] and Dwivedi et al.[3] In Dwivedi et al.[3], the authors defined 
and studied six kinds of special vector fields in a Finsler space of three dimensions and, respectively, 
called them special vector fields of the second, third, fourth, fifth, sixth, and seventh kind. In the present 
paper, we shall study some curvature properties of special vector fields of the first and seventh kind in a 
Finsler space of three dimensions.
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INTRODUCTION

Let F3, be a three-dimensional Finsler space, with metric function L(x,y), metric tensor gij = li lj + mi 
mj + ni nj and angular metric tensor hij = mi mj + ni nj, where li = Δi L and Δi = ∂/∂yi, while mi and ni are 
vectors orthogonal to each other Matsumoto.[4] The torsion tensor Aijk = L Cijk = (L/2) Δk gij. The h- and 
v-covariant derivatives of a tensor field Ti

j(x,y) are defined as Matsumoto:[4]

				    Ti
j/k = ∂k T

i
j – Nm

k Δm Ti
j + Tm

j F
i
mk – Ti

m Fm
jk� (1.1)

and
				    Ti

j//k = Δk T
i
j + Tm

j C
i
mk – Ti

m Cm
jk� (1.2)

where, ∂k = ∂/∂xk and other terms have their usual meanings Matsumoto.[4]

Corresponding to h- and v-covariant derivatives, in F3, we have:
				    li/j = 0, mi/j = ni hj, ni/j = - mi hj,� (1.3)
and
			   li//j = L-1 hij, mi//j = L-1(-li mj + ni vj), ni//j = - L-1(li nj + mi vj)� (1.4)
where, hj and vj are respectively h- and v-connection vectors in F3. Furthermore,
		  Cijk = C(1) mi mj mk – ∑(I,j,k){C(2) mi mj nk – C(3) mi nj nk} + C(2) ni nj nk� (1.5)
Corresponding to these covariant derivatives, we have following:
			   Ti

j/k//h – Ti
j//h/k = Tr

j P
i
rkh – Ti

r P
r
jkh – Ti

j/r C
r
kh – Ti

j//r P
r
kh� (1.6)

and
			   Ti

j//k//h – Ti
j//h//k = Tr

j S
i
rkh – Ti

r S
r
jkh – Ti

j//r S
r
kh� (1.7)

where, Pr
jkh and Sr

jkh are, respectively, the second and third curvature tensors of F3, Rund.[5]
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PROPERTIES OF SPECIAL VECTOR FIELD OF THE FIRST KIND RELATED WITH 
THE SECOND CURVATURE TENSOR

In F3, we assume
					     Xi(x) = A li + B mi + D ni,� (2.1)
where, A, B, and D are scalars satisfying Xi li = A, Xi mi = B, and Xi ni = D such that for Xi

/j = - δi
j, we get

				    A/j = - lj, B/j = D hj – mj, Dj = -(B hj + nj)� (2.2)
and
						      A//j = L-1(B mj + D nj),
				    B//j = (C(1) B – C(2) D - L

-1 A) mj + (C(3) D- C(2) B) nj + L-1 D vj
			   D//j = (C(3) D – C(2) B) mj + (C(3) B + C(2) D – L-1 A) nj – L-1 B vj� (2.3)
From definition 1., we can obtain Ɵj = B mj + D nj, Ɵj/k = - hjk. Furthermore, we get
				    Ɵj//r = (C(1) B – C(2) D) mj mr + (C(3) B + C(2) D) nj nr
				    + (C(3) D – C(2) B) (mj nr + mr nj) – L-1(A hjr + lj Ɵr).� (2.4)
These equations help us to give
					     Ɵj/k//r = L-1(lj hkr + lk hjr)� (2.5)
and

Ɵj//r/k = {(C(1)/k + 3 C(3) hk) B – (C(2)/k – (C(1) – 2 C(3)) hk)
– C(1) mk + C(2) nk} mj mr + {(C(3)/k – 3 C(2) hk)B

+ (C(2)/k + 3 C(3) hk) -C(3) mk – C(2) nk} nj nr + {(C(3)/k – 3 C(2) hk)D
– (C(2)/k + (2 C(3) – C(1))hk)B + C(2) mk – C(3) nk}} (mj nr + mr nj)

						      + L-1 (lj hkr + lk hjr)� (2.6)
Using Equations (1.6), (2.5), and (2.6) on simplification, we obtain

Ɵt P
t
jkr + Ɵj//t P

t
kr - {(C(1)/k + 3 C(3) hk) B

– (C(2)/k – (C(1) – 2 C(3)) hk) D} mj mr - {(C(3)/k – 3 C(2) hk)B
+ (C(2)/k + 3 C(3) hk) D} nj nr - {(C(3)/k – 3 C(2) hk)D

				    – (C(2)/k + (2 C(3) – C(1))hk)B} (mj nr + mr nj) = 0.	�  (2.7)
Hence:

Theorem 2.1

In a three-dimensional Finsler space F3, for a special vector field of the first kind, the second curvature 
tensor Pt

jkr satisfies Equation (2.7).

PROPERTIES OF SPECIAL VECTOR FIELDS OF THE FIRST KIND RELATED WITH 
THE THIRD CURVATURE TENSOR

From Equation (2.4), we can get on simplification
Ɵj//r//k = B{C(1)//k mj mr + C(3)//k nj nr – C(2)//k(mj nr + mr nj)}

+ D{C(2)//k nj nr – C(2)//k mj mr + C(3)//k (mj nr + mr nj)}
+ B//k{C(1) mj mr + C(3) nj nr – C(2)(mj nr + mr nj)}
+ D//k{C(2) nj nr – C(2) mj mr + C(3) (mj nr + mr nj)}

+ mj//k{(C(1) B – C(2) D - L-1 A) mr + (C(3) D – C(2) B) nr}
+ nj//k{(C(3) B + C(2) D – L-1 A) nr + (C(3) D – C(2) B) mr}
+ mr//k{(C(1) B – C(2) D – L-1 A) mj + (C(3) D – C(2) B) nj}
+ nr//k{(C(3) B + C(2) D – L-1 A) nj + (C(3) D – C(2) B) mj}

			   + L-2{lk(A hjr + lj Ɵr) – L A//k hjr – hjk Ɵr – L lj Ɵr//k}	�  (3.1)
Using Equations (1.7) and (3.1), after some lengthy calculation, we can obtain

Ϛ(k,r) [B{(C(1)//r + 2 L-1 C(2) vr) mj mk – (C(2)//r + 2 L-1 C(3) vr) mj nk
+ L-1C(1) mj (lr mk + vr nk) – L-1C(2) mj (lr nk + mr vk) + (C(3)//r

– 3 L-1 C(2) vr) nj nk – (C(2)//r + (C(1) C(3) – 2 C(2)
2 – C(3)

2)nr) nj mk
+ L-1 C(3) (lr nk + mr vk) nj – L-1((C(3) – C(1)) vr + C(2) lr)nj mk
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– L-2nj nk mr +L-1lj lr mk} + D{(C(3)//r – 3 L-1C(2) vr + L-1 C(3) lr)mj nk
- (C(2)//r + (C(1) C(3) + C(3)

2)+ L-2)nr – L-1((2 C(3) - C(1)) vr + C(2) lr) mj mk
+ (C(2)//r – 2 L-1C(2) vr + L-1 C(3) lr) nj mk + (C(3)//r + L-1 (3C(3) vr

+ C(2) lr))nj nk + L-1 (C(2) nj mr vk – L-1lj lk nr)} – L-2A{(lr nk + mr vk) mj
				    – (lr nk – vr mk) nj}] + Ɵp S

p
jkr + Ɵj//p S

p
kr = 0.	  � (3.2)

Hence:

Theorem 3.1

In a three-dimensional Finsler space F3, for a special vector field of the first kind, the third curvature 
tensor St

jkr satisfies Equation (3.2).

PROPERTIES OF SPECIAL VECTOR FIELD OF THE SEVENTH KIND

The special vector field of the seventh kind is defined as follows:[3]

Definition 2

A vector field Xi(x), satisfying i) Xi
/j = - δi

j and Xi Yij = Yi, where Yi is a non-zero vector field in F3 and 
Yij = mi nj – mj ni is a tensor field, is called special vector field of the seventh kind.
From this definition, we can observe that
						      Yj = B nj – D mj, Yj/k = Yjk� (4.1)
and

Yj//k = (C(1) B – C(2) D) mk nj – (C(3) B + C(2) D) mj nk + L-1{A (mj nk – mk nj)
				    - lj Yk} + (C(3) D – C(2) B)(nj nk – mj mk)� (4.2)
From Equation (4.1), we can obtain
					     Yj/k//r = L-1(lj Ykr + lk Yjr)� (4.3)
while from Equation (4.2), we get

Yj//r/k = {C(1)/k B – C(2)/k D + C(1)(D hk – mk) + C(2)(B hk + nk)}mr nj
– ((C(1) B - C(2) D)(nj nr – mj mr) hk + {C(3)/k B + C(2)/k D

+ C(3)(D hk – mk) – C(20) (B hk + nk)}mj nr + (C(3) B + C(2) D).
(nj nr – mj mr) hk + L-1{lk(mj nr – mr nj) + lj Yrk} – {C(3)/k D
- C(2)/k B – C(3) (B hk + nk) – C(2) (D hk – mk)}(nj nr – mj mr)

					     + 2(C(3) D – C(2) B)(mj nr + mr nj) hk� (4.4)
Equations (4.3) and (4.4) with the help of Equation (1.6) lead to

B[(C(3)/k – 3 C(2) hk) mj nr – (C(1)/k + 3 C(2) hk) mr nj
+ {C(2)/k + (2 C(3) – C(1)) hk}(nj nr – mj mr)]

+ D[{C(2)/k + (2 C(3) – C(1)) hk} mr nj + (C(2)/k + 3 C(3) hk) mj nr
-(C(3)/k – 3 C(2) hk)(nj nr – mj mr)] – mk{C(2) (nj nr – mj mr)

– C(1) mr nj + C(3) mj nr} + nk {C(3)(nj nr – mj mr)
				    – C(2)(mr nj + mj nr)} + Yt P

t
jkr + Yj//t P

t
kr = 0.� (4.5)

Hence:

Theorem 4.1

In a three-dimensional Finsler space F3, for a special vector field of the seventh kind, the second curvature 
tensor satisfies Equation (4.5).
From Equation (4.2), we can get

Yj//k//r = mj[{C(2)//r B – C(3)//r D + C(2) B//r – C(3) D//r)mk + (C(2) B – C(3) D).
L-1(-lk mr + nk vr)} – {C(3)//r B + C(2)//r D – L-1(B mr + D nr) + L-2 A lr
+ C(3) B//r + C(2) D//r)} nk + (C(3) B + C(2)D- L-1A) L-1(lk nr + mk vr)]
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+ nj[{(C(1)//r B -C(2)//r D + C(1) B//r – C(2) D//r + L-2 A lr
– L-2(B mr + D nr)} mk + L-1(-lk mr +nk vr)(C(1) B- C(2) D – L-1A)
+(C(3)//r D – C(2)//r B+ C(3) D//r – C(2) B//r)nk + L-1(C(3) D – C(2) B).
(lk nr + mk vr)] + L-1(-lj mr + nj vr){(C(2) B – C(3) D) mk – (C(3) B
+ C(2) D -L-1A) nk} – L-1(lj nr + mj vr){(C(1) B – C(2) D – L-1A)mk

				    + (C(3) D – C(2) B) nk} + L-2 Yk(lj lr – hjr) – L-1 lj Ykr,� (4.6)
which by virtue of Equation (1.7) after some lengthy calculation leads to

Yt S
t
jkr + Ϛ(k,r) [mj mk{B(C(2)//r – (C(2)

2 – C(3)
2) nr – L-1(C(1) + C(2)) vr)

- D(C(3)//r- L
-1C(2) vr) – L-1A C(3) nr} – nj nk{B(C(2)//r + C(2) (C(1) + C(3))mr

+ 2 L-1C(3) vr) + D(C(3)//r – (C(2)
2 + C(3)

2) mr – L-1 C(2) vr) + L-1A C(2) mr}
+ mj nk{B(C(2)

2-C(1) C(3))mr – C(3)//r+ L-1mr + L-1(C(1)+3 C(2)) vr)
+ D(C(2)//r + 2 C(2) C(3) mr – L-1mr - L

-1(C(2) – 3 C(3)) vr) + L-1 A C(3) mr}
- mk nj {B(C(1)//r + C(2)(C(1) – C(3)) nr) + D(C(2)//r – (C(2)

2 + C(1) C(3)) nr
		  – L-1C(1) vr) – L-1A C(2) nr} – L-1lk{C(3) hjr + C(2)(mj nr + mr nj)}] = 0.�  (4.7)
Hence:

Theorem 4.2

In a three-dimensional Finsler space, for a special vector field of the seventh kind, the third curvature 
tensor St

jkr satisfies Equation (4.7).
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