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ABSTRACT

This article provides the existence and uniqueness of a common fixed point for a pair of self-mappings,
positive integers powers of a pair, and a sequence of self-mappings over a closed subset of a Hilbert
space satisfying various contraction conditions involving rational expressions.
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INTRODUCTION

From the well-known Banach’s contraction principle, every contraction mapping of a complete metric
space into itself has a unique fixed point. This celebrated principle has played an important role in the
development of different results related to fixed points and approximation theory. Later, it has been
generalized by many authors!""*! in metric space by involving either ordinary or rational terms in the
inequalities presented there. Again, these results were extended by other or the same researchers!'32! in
different spaces. Thereafter, these results were again extended/developed for getting a unique fixed point
to a pair of continuous self/different mappings**2%! or more than two or a sequence of mappings, which
may be continues or non-continues or imposing some weaker conditions on the mappings in the same or
different spaces.?’!

As already stated, many authors have generalized Banach’s contraction principle through rational
expressions in different spaces such as metric, convex Banach’s space, and normed spaces. But still
here are some extensions/generalizations of this principle paying an attention in terms of taking rational
expression in Hilbert spaces.

In this paper, we have considered a pair of self-mappings 7, and 7, of a closed subset X of a Hilbert
space, satisfying certain rational inequalities and obtained a unique fixed point for both 7' and 7,. We
have developed this result to the pair 7,7 and 7,9 where p and g are some positive integers and then also
further extended the same results to a sequence of mappings. In each of the above three cases, we have
obtained common fixed point in X, These results are generalizations of Koparde and Waghmode!®' in
Hilbert space.

MAIN RESULTS

Theorem 1: Let 7, and 7, be two self-mappings of a closed subset X of a Hilbert space satisfying the
inequality
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for all x,y € Xand x# y, where «,3,y,8 are positive real’s with 4ot + B +4y+6 <1. Then, T, and 7,

ITx-Ty[ <

have a unique common fixed point in X.

Proof: Let us start with an arbitrary point x, € X, define a sequence {x,} as

In general,

X0 =1x,, X,,., =1,x,,,,, forn=0,1,2,3,........

Next, we have to show that this sequence {x } is a Cauchy sequence in JX. For this consider

2

2
= ||T1x2n S

| X1 ~ %oy
2 2 2 2
|x2n -1)x,,, |:1 + | Xy, — 11X, } +B | Xon = Xopa [1 + ||x2n -T)x,,, }
- 1+|x2n_‘x2n—1 ’ 1+|‘x2n_‘x2n—1 ’
2 2 2
t+y |:| Xy — Xy, | + ||x2n —T)x,, } + 5| Xow ™ Xoum
> PB+2y+0 2
= |x2n+l =Xy, S |xzn — X,
1-2y
A similar calculation indicates that
ey [« Q2B Oy
2n+2 2n+l 2 2n+l 2n
(1-2a)+(1-2B)|x,,.. —x,,
2
+27+8 200+ B+y)+(2B+9)|x,,,, —x .
Let k= B+2y+o and s(n)= ( pr+Cp )| il 20l where s(n) depends n. Since
1-2y (1=20)+(1-2B) x,,. — %,

4o+ P +4y+9 <1, we see that k <1 and s(n) <1, for all n.

Let S =sup {s(n) n=0,1,2,...... }and let A> = max{k,S} so that 0 < A <1, as a result of which we get

<A

xn+1 - xn xn - xn—l

Repeating the above process in a similar manner, we get

<A

X, —X, X, =X ,n=1

Ontaking n — oo, we obtain ||x ., —x, || — 0. Hence, it follows that the sequence {x, } is a Cauchy sequence.

However, X is a closed subset of Hilbert space and so by the completeness of X, there is a point e X
such that

X, —> | as n—>oo.
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Consequently, the sequences {X,,,,} = {I}x,,} and {x,,,,} ={1,X,,,,;} converge to the same limit 1. Now,
we shall show that this y is a common fixed point of both 7] and 7.

For this, in view of the hypothesis note that

I =Tl =1 = xy10) + Gy = L)
) ”,u -1,%,,, ’ |:1 + | Xops1 — Tl/*‘”z}

1+ ”.u X ’

”:u_x2n+l 2|:1+||‘U_szz;1+l 2:| 2 2
+p 2 +)/|:| Xont1 _]Lu” +||/~L_sz2n+1 }
I+ ”.u X4
+ 5”.“ X4 ’ + 2”.“ ~Xon | Xope2 = Tuu”

Letting n — o, we obtain

lu-Tu < (v +8)|u-Tu

2
9

= T =, since y+6 <1,

Similarly, by considering

2
9

||u - thunz = ”(:u = Xp1) + (X5, — 1)

we get T,u = w. Thus, U is a common fixed point of 7, and 7, .

Finally, to prove the uniqueness of a fixed point y, let v(u # v) be another fixed point of 7} and 7,. Then,
from the inequality, we obtain

T R T et
2 + 2
T 4]
e[l =Tl Jo ol -

= = 7= <e

::>||,u—v||2 S(05+,8+2y+6)||,u—v||2
= u=v,since a+f+2y+o<1.

Hence, y is a unique common fixed point of both 7 and 7, in X.

This completes the proof of the theorem.

Theorem 2: Let X be a closed subset of a Hilbert space and 7}, 7, be two mappings on X itself satisfying

e - | o[- mf |
[7rx-15] < +

T —off T —off
ol l-mf o] Jrolet

for all x,ye Xand x# y, where o,f,y,0 are positive real’s with 4o+ +4y+06 <1 and P-9 are

positive integers. Then, 7] and 7, have a unique common fixed point in X.

AJMS/Jan-Mar-2020/Vol 4/Issue 1 68



Rao and Kalyani: Some common fixed theorems in Hilbert space

Proof: From above Theorem-1, 7;” and 7,7 have a unique common fixed point u € X' so that

TPu=pand T'u=pu,

Now, 7" (Tu) =T, (" ) = T
= T,u is a fixed point of 7;”.

But y is a unique fixed point of 7;”.
STu=p
Similarly, we get T,u = u

u is a common fixed point of 7, and 7,.

For uniqueness, let v be another fixed point of 7, and 7, so that 7jv =T,v =v. Then,
Jo-rf [rebmeaf |t
+
Ll Ll

ol lu-rof Joolo-

=l =[rru-15 <

= ||,u—v||2 < (0¢+B+2y+5)||,u—v||2

= u=v,since a+f+2y+6<1

Hence, u is a unique common fixed point of 7} and 7, in X.
Complete the proof of the theorem.

In the following theorem, we have taken a sequence of mappings on a closed subset of a Hilbert space
converges pointwise to a limit mapping and show that if this limit mapping has a fixed point; then, this
fixed point is also the limit of fixed points of the mappings of the sequence.

Theorem 3: Let X be a closed subset of a Hilbert space and let {7} be a sequence of mappings on X
into itself converging pointwise to 7' satisfying the following condition

7 2[“ -1 2} - 2[1+ -T 2}
”T-x_];ynzﬁ ||x J’" ”y X” N ||x y” ||x y”

o= off T+ e off
[y =Tl =T |+ 8-

for all x,y € X and x # y, where «, ,7,0 are positive real’s with 4o+ +4y +6 <1. If each T, has a
fixed point y, and T has a fixed point U, then the sequence {u,} converges to .

Proof: Since u, is a fixed point of 7,, then we have

=, =Tpe =T, = (T~ T) + (T =T
<|ru-Tuf +|Tu-Tu)| +2)Tu—Tu|Tn-T,u,)
~Tu 1+, - Tl —u [ 1+u-T |
:”Tﬂ_mzmlu WA [ unz M L |u—u, [ [m 2nun J
Ltu-u, L+|u—p,
oyl =Tl + =T |+ 8-, + 2T -7~ T,
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which implies that

=T, 1+ |, = T
lu=w =TTl +a [ : ]
1+|u-u,
Joa =g, [ 1+ =T || : )
; |, =T + =T, ]
L+u-u,
+8|u-w,| +2|Tu-Tu||Tu-Tu,
Letting n — oo sothat T u — T'u, 2 |Tu—];,u Tu-Tu,|— 0, we get

2

li_)n:”u—un”z <(a+pB+2y+6) lim|u—pu,
= linl”u—un”:O,sincea+ﬁ+2y+5<l
= [, —> U asn—> o

This completes the proof.

The following theorem is the refinement of the above Theorem-1, by involving three rational terms in
the inequality.

Theorem 4: Let X be a closed subset of a Hilbert space and 7, 7, be two self-mappings on X
satistying the following condition, then 7; and 7, have a unique common fixed point in X .

Tl [+l =1l ] b= Tl 14Tl
+]x = =
e [1+ o= 7ol |

1+ ]y =Ty

ITx-Ty| <

+8[x =y

for all x,y € X and x # y, where o, 3,7,0 are positive real’s with 4(ax+ B)+y+6 <1.
Proof: Let us construct a sequence {x,} for an arbitrary point x, € X as follows:

X, =1x,,x,,.,=Tx,.  forn=0,1,23....

Then
Kot T Kol = ”Tlxz —T,x,,,
Y~ TZXZn—l |:1 2~ Tlxzn :| Xon1 ™ Tlx2n |:1 X2, = szzn—l j|
- 2 +pB 3
L+x,, = x5, 1+|x2n -X,,
2 2
| x2n - x2n—] |:1 + x2n - ﬂxzn :| 2
Y 2 +5|x2n ~ Xon-1
I+ | Xy = DXy,
which suggests that 2
: 2 2B+7+0)+98|x,, —x,,
Xyt = Xp,| S S(M)|X,, — Xy, |, Where s(n) = (2p+y+9) 2 2n-1 .
A=-2B)+1-y)|x,, —x,,,
Similarly, we get 2
2 2 2004y +0)+(y + 6 X501 — %o,
Xopsa = Xppu| SE)||X,,, — X,,|| » Where #(n) = ( y+0)+(y )| 2041 _ 2
(1=20) +[px,, = X,
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Since 4(ox+ B)+7 + 06 <1 then both s(r) <1 and #(n) <1, for all n.
Let S = sup{s(n) n=12,.... } and 7' = sup{t(n):n =12,..... }
Let A*> =max{S,T} so that 0 < A <1. Hence, from above, we get

<A

xn+1 -

xn xn - ‘xn—l

Continuing the above process, we obtained
<A ,n>1

X1 — %y X~ X

Hence, the sequence {x,} is a Cauchy sequence in X and so it converges to a limit  in X . Since the

sequences {x,,.,} = {Tx,,} and {x,,,} = {T,x,,,, }are subsequences of {x}, then {Tix,,} and {Tyx, .}

converges to the same U. Now to see that this u is a common fixed point of 7; and 7. For this using the
inequality, we arrive at

le=T" == %y000) + G = T

2 ”U_szznﬂ ’ |:1+|x2n+l _ZIM||2:|
< ||U_x2n+2 to 2
1+ ”‘LL X
| Xops1 — Tpu”z |:1 + ”M —T)x,,, 2} ”U X ’ [1 + ”/,L - 7;/1”2}
p ; + >
1+ ”:u X 1+|x,,, = 15X,
+ 5”»“ X4 ) ”;u ~ Xops2 | Xone2 = T1.“||

? because 0 < B <1, it follows immediately that

On taking n — oo, we obtained ||,u - Tl,u”2 < ,3||,u -Tu
Tu=pu.

Similarly, we get T,u = u by considering,

=Tl = |kt =) + (g = T

Thus, x is a common fixed point of 7] and 7,.

Next, we want to show that U is a unique fixed point of 7, and 7,. Let us suppose that v(u # v) is also a

common fixed point of 7] and 7. Then, in view of hypothesis, we have

lu-To [1+l-Twf | =T [1+ =Tl |
2 + 2
L+ =] 1+ =

Joa = [ 1+~ T |

1+ ||v - Tzv”2

u—ff <

+8[v—uf

:>||M—V||2 S(05+,8+y+5)||v—u||2
S u=v,sincex+pL+y+o6<l1

It follows that u = v and so the common fixed point is unique.
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This completes the proof of the theorem.
Theorem 5: Let 7 and 7, be the self-mappings on a closed subset X of a Hilbert space satisfying

rorof e AL omealelp-rof]
[ X—14, Y| sa

e e
o=y [1+v= 1|
=1

for all x,ye X and x# y, where a,f,y,0 are positive real’s with 4(x+B)+y+5<1 and p,q are

+8[x—y

positive integers. Then, 7] and 7, have a unique common fixed point in X .
Proof: From above Theorem-3, 7,” and 7,7 have a unique common fixed point u € X so that 7”u= u
and 7,'u=pu.
Now, 7" (Tu) =T, (T u) = T
= Tuis a fixed point of 7;”.
But u is a unique fixed point of 7,”.
Tu=u
Similarly, we get T,u=u

u 1s a common fixed point of 7} and 7,.

For uniqueness, let v be another fixed point of 7; and7,, so we have 7,v =T,v =v. Then,

2 o N fel-meal | e ol |
= =17 -1 <e

L - L -

= [1+]u=7u |

2
1+ Hv - Tzqu

+y +6||v—u||2

= [u—v|" <(@+B+y+8)|v—pul

S u=v,sincex+pf+y+o6<l1

This completes the proof of the theorem.

In the following last theorem, we consider a sequence of mappings, which converges pointwise to a limit
mapping and shows that if this limit mapping has a fixed point, then this fixed point is also the limit of
fixed points of the mappings of the sequence.

Theorem 6: Let {T'} be a sequence of mappings of X into itself converging pointwise to 7" and let

[Tx-T ) < ”x_zyW[LWy‘T?W}+ =Tl [14 e =T |
. = 4y
=yl [ 1+ -7 |

L+ ]y =Ty

+8]x o
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for all x,y € X and x # y, where «, 3,7, are positive real’s with 4(oc+ ) +y+9 <1. If each 7, has a

fixed point u, and T has a fixed point 4, then the sequence {u,} convergesto 4 in X .

Proof: We know that u; is a fixed point of 7, then

o=, =70~ T, [
=|Tu-T )+ (Tu-Tu)
<|ru-Tuf +|Tu-T ) +2|Tu-Tu)|Tu-T,u,)
=T, (14|, - T
=|ru-Tuf +o [ 2 |
1+ |u—u,
o, =T |1+ le=-T | = 1+ =T |
p 3 + 2
L+ |u—-u, L+, -Tu,
+8\u—u, [ +2| T~ |- T u,
Letting n — oo sothat T u — T'u, 2||T,u—];,u| Tu-Tul|—0,we get

lim u -,

2

"<(a+B+y+5) lim|u—p,

= 1im||,u—un||:0,since o+PB+y+0<l= u, —>uasn—oo

n—eo

This completes the proof.

CONCLUSIONS

In this paper, Banach’s contraction principle has been generalized to obtain a common fixed point for
two, positive powers of two, and a sequence of self-mappings defined over a closed subset of a Hilbert
space. The existence and uniqueness of a common fixed point for three different types of self-mappings
are carried out in all six theorems with various inequalities involving square rational terms.
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