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ABSTRACT

This article establishes the correspondence between the functional calculi for the operator defined on the
Banach spaces and the spectral decomposition. We show that there is a functional calculus on Borel

algebra for each well-bounded operator AeBL(X)

p
operator on some = (20, 1),

, Which uniquely corresponds with a multiplication
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INTRODUCTION

The classical spectral theory plays a fundamental role in quantum physics since observables are normal
operators, the eigenvalues of which represent the possible measurement event, and mixed states
correspond with trace-class operators [16]. Unlike Hilbert space, in the spectral theory for Banach
spaces, there are many aspects that need to be clarified, according to E. Kowalski: “the general picture for
Banach spaces is barely understood today” [18].

Some aspects of the spectral theorem for well-bounded operators were developed by I. Doust, who
showed the existence of a relationship between well-bounded operators and scalar-type operators, and if
an operator has a contractive absolutely continuous functional calculus then this operator can be
represented by the spectral integral [19]. For general reference and the history of the question see [4-7,
10-19].

In this article, we study the correlation between the functional calculi on the Banach spaces and the

spectral decomposition. We prove that assume bounded operator AL =L is well-bounded then all
&)
A= j sdE (s)
spectra o(A) of the operator A is real and has representation [2.5] . Finally, we establish that

WwWw.ajms.in



SPECTRAL THEORY AND FUNCTIONAL CALCULI IN THE REFLEXIVE BANACH SPACES

AeBL(X) possesses a Borel functional calculus and is uniquely

p
equivalent to a multiplication operator on some L* (2.0, 4, :
In the case of the Hilbert space, contractive projections possess the property of orthogonality, so they are

self-adjoint orthogonal projective mappings on the Hilbert space. In the L”-space case, the contractive

a well-bounded of type (B) operator

projections have properties similar to the L? -orthogonality. So, assume a sequence {E on some L”-

E cE E|<1

space such that i1 and | then {E corresponds to martingales on L" -space by the

Burkholder theorem. In L’ -space, the martingale is given by i = EiW}, if we denote a scalar sequence

Z ai(Ei_Ei—l)l/l g(max{p,(p—l)_l p}—l)“l/l”p

i=1,..,n

{a" |a‘| Sl} then the Burkholder theorem yields

for all natural numbers " and all elements ¥ € L.
A short summary of the Hilbert space case

The main goal of this article is to develop spectral theory on the reflexive

Banach spaces and especially consider the L” cases, so, first, we consider a well-established Hilbert
space theory.

Let H be a Hilbert space. Let A:H = H pe 4 continuous linear normal operator on the Hilbert space,
an operator A*H = H s normal if and only if AA"=AA where the operator A" is a Hermitian

adjoint. Let (2.6, 145) be a measure space, where © is a O - algebra of - measurable subspaces.

Then spectral theory states: for any normal operator ATH > H there is a uniquely defined Borel

CD:C([a, b])_> LB(H) defined on the spectrum J(A), which can be expressed by

U:H L (Q0,u,)

functional calculus

the equality ®(v)
L* (€, O, 1)

=U'm U . C
ve¢~ for some unitary operator , and the multiplication

MW =V ool y edom(m, )<= L*(Q, 0, uQ)l

operator M on given by

If A= A" then the operator AeLB(H) is called self-adjoint. For self-adjoint operators, we have a
stronger statement of the spectral theory: let AtH > H e 5 self-adjoint operator then: there is the

spectral measure E(t) each element of which is a self-adjoint operator and such that

A= [ (@)
R (1)

for the operator AeLB(H) equality

||IO(A)||§|P(b)|+[ajb]|P'(S)|dS

)

holds for all polynomials P .
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The construction of multiplication operator representation for continuous functional calculus is based on
the Riesz—Markov— Kakutani representation theorem. We consider an unital *-homomorphism

q):C([a’ b])_) LB(H—>H) where the set [a, b] Is compact then we can show that there exists a

. 2 i p
unitary operator UiH > L(Q 0, 1) Y:C([a,b]) > L* (2,0, 1,)

) =Ud(y)u™

and an unital *-homomorphism
v <C([ab])

SO

m )
that for all functions . For each element X€H  we construct a

positively defined linear functional by WH(CD(W)X’ X) where () is a scalar product in the Hilbert
space H , then applying the Riesz—Markov— Kakutani theorem, we obtain the existence of a unique Borel

measure #(x) on [a, b] dependent on an element X € H such that the linear function can be rewritten as

(@(w)x x)= [ w(s)du(xs)
= . ®)
Next, one can use extension arguments and cyclic subspace generated by X<€H ; next, by the Zorn
lemma Hilbert space decomposed into cyclic subspaces, the O -algebra is inherited from Borel’s sets and
measure is a direct sum of measures, for details see T. Eisner and B. Farkas [8].

Decomposion on L” -spaces

Let (Q, 0, ,uQ) be a measure space and let L (Q, 0, ,uQ) be a Banach space of all Lebesgue p-integrable

functions. We denote p*=max{p,q}, p+q=pq.

The general Hilbert case and L (Q, O, ,uQ) special cases differ from the Banach case and L° (Q, 0, ,uQ), that in

LP (Q, O, ,uQ) there is no orthogonality property for contractive projections in a strict sense since L° (Q, ®, ,uQ)

do not possess the scalar product.

Theorem 1. Letan operator A:L"(Q, ©, 14,)—> L" (€, ©, s, ) be bounded for some 1< p <o If inequality

(2) holds for all polynomials p then all spectrum J(A) of the operator A is real.

Proof. The Banach space L° (Q, 0, ,uQ) is reflexive and the space L° (Q, 0, ,uQ), p+q=pq is its dual and

E:R—)BL(L"—)L") is a projection-valued function. We have to show that the real function

t—> (E(t)y,y") hasabound variation for all y € L°(Q, ©, 1,) and y" € L(Q, 0, i,), p+q=pg.
Indeed, let A ={a=t,<t, <..<t, =b} bea partition of the interval [a,b] = R.

For fixed elements wel®(Q,0,u,), v el' (20, 14,), p+q=pq, we consider the variation of

<E (t)w, 1//*> as a function of t, and we calculate
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Jar ((E@ww))= X (B )= (v |-

= > [((B®)-E@D))w.v)|<| X (E(t)-E(t.))

i=1,...,n

v s

LP—>LP

L’

All functions of bounded variation over interval [a, b]c R constitute a Banach algebra BV ([a, b]) with the

natural norm
”l//”BV([a, b]) = |W (b)| + [a%a]‘iR (l//) ! (4)

we remark that

.:;,n(E(ti) E(ti_l))p ps i:l,z.,n_l(E(ti) E(ti_l))p p+
+H(E(tn)— E(t))]o -

Now we show that assume 1< p < oo, then there exists a constant ¢, such that

2 o (E(6)-E(t))v

i=1,..,..

<Cp .
LP

for any increasing sequence of projection E(t): LB(Lp (©, 0, uQ)) — LB(Lp (©, 0, yQ)) and any numbers’

sequence {¢;},andall y e L”(Q, O, u,).

Now, we are going to use the Burkholder-Davis-Gundy inequality in a form: for each e L’ (Q, ®, ,uQ), we
define a martingale {y,} by the restriction y;, = E(t, )y then the martingale transform of y € L” (€, ©, 1, ) is

defined by , = > o, (w; —w,_,) for the scalar sequence {¢; } such that |e;| <1 for all indices i. Applying the

i=1,..,n

Burkholder-Davis-Gundy inequality, we obtain the estimation

i:;nai (l//i _l//i—l) p < ( p* _1)||V/||Lp
so that
2 A (EQ)-EC] (Dl
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for every natural number n and all y € L”(Q, ©, 4, ). For a sequence of complex numbers sequence {c,} such

that |ai| <1 we obtain the similar estimation

<2(p" 1)yl -

LP

_ > a(E(6)-E(t,))w

Thus, we have an estimation of the operator norm

2 alBM)-EC)  =2(r -y
and
aﬂ(E(tn)_E(tnfl)) L <3,
finally, we have
i:;nai(E(ti)_E(ti—l)) p pSZ(p*_1)+3,

therefore the estimation  var (<E(t)z//, 1//>) < (2( p* —1)+3)||w||Lp

[a,b]eR

l//*Hw proves the theorem.

This theorem is based on D. Burkholder theorem which states that let L° (Q, 0, ,ug) be measure space and let

{E,} be a non-decreasing sequence of contractive projection in L" (€, ©, s, ) with the first E; =0 then the

estimation

_ Z ai(Ei _Ei—l)‘/f

<(p"-1)wl. ©)

LP

holds for all nonzero functions € L* (Q, 0, ,uQ). So, we can formulate the following theorem as a consequence

of the D. Burkholder theorem.

Theorem 2. Let {Q,} be an increasing sequence of projections L° (€, ©, 44, ) —> L" (€, ©, 1,) such

that | Q| ,_» <1 and {e;} be ascalars sequence so that |e;| <1 for all indices i . Then, the inequality

_ Z Q; (Q. _Qi—l)

<2(p"-1) (6)

LP—LP

holds for p* =max{p, q}.
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Functional calculus on reflexive Banach spaces

Let X be a separable reflexive Banach space and let space X* be dual of X . Since X is reflexive then double

dual X™ coincides with X .
Definition 1. An operator-value measure E(t) for the Banach space X is a projection-valued function
E:R— BL(X) that satisfies the following conditions:

1) E(t)E(s)=E(min{t,s}) forall t,seR;

2) E(—0)=0, E()=1,namely, lim E(s)=0 and limE(s)=1;

S—>—w0 S—0

3) limE(t+&)x=E(t)x forall xe X andall teR;

&0
4) there exists a constant ¢ such that |E(t)|<c forall teR.

When operator-valued measure E satisfies conditions E(s)=0 for all s<aeR and E(u)=1 for all

u >b e R then spectral measure E is said to be concentrated on interval [a, b] cR.

Let Ae BL(X) be well-bounded of type (B). Then, there exists a unique spectral measure E concentrated on

[a, b] such that

and there exists a weak spectral measure such that equality

<Ax, x*> :—[ajb]<x, E(s)x*>ds+b<x, x*>

holds for all elements xe X, Xx" e X™.

Let X be a reflexive strictly convex and smooth Banach space then for each fixed x € X there exists at least one

element X* e X* such that <x, X> =||x|||X" . this is a consequence of the Hahn-Banach theorem. For fixed p >1

, We introduce a duality mapping J @ X — X" given by

x* )»(v*

Jp(x)z{i*ex*:<x, >~<>=||x|| ,

="}
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for all x e X . The mapping J has the following properties: <x, Jp(x)>=||x||p and Jp(x)=||x||p’2 J(x) for

all xe X.
We introduce a mapping J : L(X — X ) — L(X" — X ") such that the equality
J(A)I, ()=, (Ax)
holds for all linear operators X — X and all elements x € X .

Definition 2. Let (€2, ©, 4, ) be Borel measure space. Let the mapping
O: L' (R0, 1,) >C(X = X)

satisfies the following conditions:

1) o(1)=1;

2) (y)+D(@)=P(w+¢) and

tO(y) = O(ty) forall t;

3) ®(y)P(p) = P(wyp) and

Dom(® () ®(p)) = Dom(®(¢))~ Dom(P(yp));

4) if y (t) is bounded, then @ () e LB(X — X);

5) () is densely defined and J(d(y)) = CD(J|1//|H) ;

6) if limy, (t)=yw (t) forall t,and lim|y, —y| =0, then

rl,m”q)(l//n)_q)(l//)”c(x»x) =0
forall v, pel! (Q, 0, 1) Apair (®, X) is called functional calculus.

Now, let us consider a functional calculus for the multiplication operator m, e LB(Lp - L"). We define the

mapping Y for the multiplication operator m, by Y(l//)=my/°¢ for all ¢eL” . The mapping
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Y: L (essrank(g), gou) > LB(LP > LP) is called functional calculus for multiplication —operator
m, e BL(L® —>L?).

By straightforward calculation, we obtain the following properties of functional calculus for multiplication

operators.

Lemma 1. Let (Q, ©, 4, ) be a o -finite measurable space and ¢ e L' (€, ©, 1, ) then the functional

calculus is

Y: L (essrank(g), gou) > LB(LP(Q,0, 1) > L (2, 0, 11,))
defined by Y(y)=m,., has following properties:
1) Y(1)=1, Y(w)+Y(p)< Y(v+p) and tY(y) < Y (ty) forall t;
2) Y(y)Y(9) = Y(yo) and
Dom(Y () Y(¢)) = Dom(Y (@)) ~ Dom(Y (v))
3) if and only if y € L™ (essrank (¢), go 1), then Y (y) e LB(LP (2, ©, 1y) — L* (€ 0, 11,));
4) Y () is densely defined and Y ()" =Y (™) forall nonzero y ;

5) sequential boundness: if limy, (t) =y (t) for ¢ou-almost all t, and lim|y, —y| =0, then

I|m||Y (v,)-Y(v)

n—o LP(Q,0,1)

Theorem 2. Let the operator Ae BL(X) be well-bounded of type (B). Then, the operator A has a

Borel functional calculus and the unigque equivalence to a multiplication operator on some L (Q, 0, ,uQ) :

Proof. For each element x € X , we find an element Jp (x) e X* such that <x, Jp (x)> =||x||p , and, for

each function y e L' (A, E, 1, ), we define a linear mapping y - <<I)(z//)x, J, (x)> For all elements x € X ,

we calculate

<‘D(|l//|p)x,J (X)>:<j(q)(l//))*q)((//)X,Jp(x)>:
=(@(w)x J(@(p)) 3, (x)=(@(y)x I, (@ (w)x))=
=l ()« =0
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therefore, the Riesz-Markov-Kakutani representation theorem renders an existence of the uniquely defined regular

Borel measure 4, dependenton x € X such that

(@)% 3, (x)) = [¥ (D da (1) 0

Q

we can apply the Riesz-Markov-Kakutani representation theorem since mapping l/IH<CD(l//)X, Jp(x)> is
positive linear functional on functional space Ll(A, S 41 )NLP(AE, u, ). If we take w =1 then obtain

|| =[] for each x € X so that the equality

[ )4 =l ®)
holds for all € Ll(A, 2 u)NLP(AE ) andall xe X .

For each x e X , we define the mapping T, :L* (A, E, u, )NL" (A, B, p,) —> X by w > ®(y)x, mapping
T, extends to an isomorphism of Banach spaces T, : L (A, £, ) —IT(x) where we define a cyclic subset IT(x)

with respect to @ by
(x)=clos{®@(y)x: yel'(AE )L (AE u,)}.
Next, we have the following equalities

D (y)Tp=D(y)D(p)x=
=®(yp)x=T,(vp)=T,m,o,

def

where the multiplication operator m, on L°(A, ) space is given by m,p=yp for all

peDom(m,)={pel’(A, u): wpel®(A, u,)} Therefore, we have Tm, =@ (y)T,.
We present the space X in the form of the strait sum
X =@®I(x,)=®L°(A, 1, )

where {x,} < X, x, are unit elements. We compose the set A, = Ax{«a} for each ¢ copy of the set A and

take a union UA,_, =Q. The o -algebra is defined by

®={E: EnA,eBor(A,) Vaj.

101
AJIMS/Jul-Sep 2024/Volume 8/Issue 3



SPECTRAL THEORY AND FUNCTIONAL CALCULI IN THE REFLEXIVE BANACH SPACES

The measure 1, is defined as a straight sum in the form of 4, (E)=>pu, (ENA,) forallsets E€®.

Thus, we obtain the measured space (Q, Q, uQ) so Banach space X decompose as

X =®LP(A,;¢X&)=Lp(:!JAa,(?yxa)sz(Q,& 1)

a

We show that there exists a structure-preserving equivalence between the operator Q)(y/) on Banach
space X and the multiplication operator Y(y) on L°(€,®, 4,) , where the functional calculus

Y:C(A)—>L*(Q,0, ,) definedby Y(y)=y on A.

So, we have that there exists a structure-preserving equivalence U : X — LP (Q, o, uQ) and a function

on (Q, 0, yQ) such that there is a multiplication operator representation in the form A=U ’1m¢U :

Remark 1. We obtain that let U : X — L” (€2, ©, z,) be a structure-preserving homomorphism then the
functional calculus and be defined by @ (y) =U*1mWO¢U and the reverse is also true, the functional calculus @
defines a  multiplication  representation by m,,, =U®d(y)U™ , where *-homomorphism

Y:C(A)—> L (2,0, u,) definedby Y(y )=y on A.
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